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1. Introduction
Firstly, let us recall and introduce some definitions notations, that we need in our work.

The tunction f:[a,b] € R = R is said to be convex if the following inequality holds
flx+ A =)y) Stf(x)+ A -0O)f(y [4]
For all x,y € [a,b] and t € [0,1], we say that f'is concave if(—f) is convex.

R%is the set of real numbers, R* = Q% U J*,where Q% is the a —type set of the rational numbers is
defined as the set

{moc — (S)a,p, qezZ, q + 0},

also J* is the a —type set of the irrational numbers is defined as the set

P a
m“¢(5> ,0,9€Z,q # 0¢.

The local fractional derivative of f(x) of order @ at X = X is defined as:
a a
P o TR 0 B [¢10)
dx® ly_x. X-Xe X -X.)
Where A*(f(X) — f(X-)) = T'(a + D(FX) — f(X)).
If there exists f*+*De(x) = DZ..DEf(x) mm times for any X €1 C R,then we denoted f €
Dk+1)a (D), where k = 0,1,... [5]

Anon —differentiable function f:R = R%,X — f(x) is called to be local fractional continuous at Xo.If
for any €> 0, there exists § > 0, such that |[f(x) — f(X-)| <€* holds for |X — Xo| < §, where €,8 €
R.If f(x) is local continuous on the interval (a, b).We denote f(x) € Cy,(a, b). [5]

We call f is fractional integrable if

1 d a
R
and the fractional integrable defined by:
1
ol fx) = mf FOIE" = gy lm, Z £ (a)°

With At; = tj44 — t,and At = max{Aty, Aty, ..., Aty },where [t;, ]+1],

MAtﬁOZf(t)(At) < © (1)
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j=0,..,n—1anda =ty <t; < <ty,_q = bisa partition of interval [a, b].Here it follows that
aly f(x) =0ifa = b and aly f(x) = —b aly f(x) ifa < b.

Let f:1 € R —» R*For any X; X, € Iand A € [0,1], if the following inequality f(A1X1) + (1 — )X, <
A%f(X1) + (1 — 1)*f(X;) holds, then f'is called a generalized convex function on I.

Now, let us introduce our Lp  space for 0 < P < oo,

Let us define the fractional integrable quasi normed space as:
1

b 5
Lpla, b] =4 f:la,b] = R:||fllpe = <f lf P (dx)a> <o
a
and ||. ||p  is a fractional Lp integrable norm.

2. Auxilary Results
Lemma 2.1 [67:
d*f(x) Tl +ka)
dx¢  T'(1+ (k—1)a)
b
1 I+ ka
—f Xka(dx)® = ¢ )
1+ a) r1+ (k+ Da)
a
Lemma 2.2 [17: Generalized Holder's inequality
Let f, g € Cula,bl,p,q > 1, with%+$ = 1, then

(k-Da

(b(k+1)a _ a(k”)“),keR.

—1 [ dx)® < ! b P(dx)% 1 i a(dx)*
s [ V@@l < | s @@ | s [leele@

Lemma 2.3 [17: in Lp-space if If p < q, then

1 1

(Z;"‘i'q)a < (Z:llxiw)?

Lemma 2.4 [27]: Generalized Montgomery inequality
Let I € R be an interval,f:I° € R —» R% (I°is the interior of I) such that f is & —integrable for
a,b € I’ with a < b.Then we have the identity
r(1+a 1 b
fx) - ﬁalﬁ‘f(x) = mfa p(x, £)f () (dt)®
Where
(t—a)*t €la,x]
plxt) = {(t — b)Yt € [x,b]
Lemma 2.5 [67]: A second type generalized Montgomery
inequality
Let I € R be an interval,f:1° € R - R%(°is the interior of I) such that f € Dy(I°) and f is «
—integrable with a < b ,then

" J@HfB) Tl+a) 1 b wr
(1= W*f o) + W 5~ G Rl () = g | PO DF @
Where
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3. Main Results

Let us now introduce our main results. We use two kinds of generalized Montgomery identity to
prove types generalized Ostrowski Theorems.

Theorem 3.1:
Iff R, f:I°c R— R*beamap [a,b] c I°and f € Lp 4[a, b].
Then
1 r(1 “b—a)
) ‘f( )—(—+)) alEf (x )’ (FA+ap)b-ar
T+ (g + 1)a)) (rca -1|- a))P
1<p,q <o, - -+ 5 =1.

@ ‘f( ) +)) Al f (x )‘

COIA+an)b=ar oy gy,

(r(1 +(q + 1)a)) (ra+ a))p
Where, I° is the interior of the interval I.
Proof: According to p, let us divide our proof into two cases.
Casel: 1 <p <
by using the generalized Holder's inequality described in Lemma(2.2) , we get

ra+ a)(b f IpCx, Olf ()] (d)*

1 a
= b-a)*\I'(1+ )flp(x O ) r(1 +a) flf(x) 1" (dx)

1
< < 00, — - =
1<pq< ,p+q 1 (2)

1

Let us calculate (

1 b -
T(1+a) fa lp(x, t)|q(dx)a)q , we have
1
q b q

;jxut —a)l7@n | + ;fl(t—b)l"(dt)“
r'l+a) 1+ a)

1
= (I1 +p)° 3)
By using Lemma 2, 1

b=t j (6 = )l @t)*
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_ I'(l+aq)
" T(A+(g+ Da)
— a(Q+1)a) 4)

1+ aq)
1+ (q+Da)

(x(q+1)(x

I, = ! [ b9 dt)* =
z—mf|(t— |@d)* =
Put (4) and(i%) in (3), we get

(b(q+1)a _ x(q+1)a) (5)

S

1 1 g
mflp(x.t)l (dx)

_ I['(1+ aq)
“\r + (g + Da)

M +aq) e @tna
= <r(1 +(q+ 1)a)> b-a) ©

1

(b(q+1)(x _ a(q+1)oc)>

1 1

since (e o F P @0 ) = (rizms)” 17l )
Put (6) and (7) in (2), we get

r'(1+ a)(b f lpC, OIf ¥ (d)* <

(@+Da

(F(l + aq))q(b —a) a
: el
(b—a)*(r1+(q+Da)(rd+a))r
1an3m%+$=1

Now by using Lemma 2.4,we get
ra+ a)
®-a"
The first case is proved.

Case2: 0 <P <1
By using the generalized Holder's inequality described in Lemma2.2 , we obtain.

r+ a)(b f lp(x, OIfF )] (dB)”

(F(l + aq))_(b — a)E
(r(1 + (q + 1)a)) (ra+ a))p

f(x) =

7 1l

<! ! f Ip(x, )17 (dx)® E f £ G2 (dx)*? E
“b-o\Ta+a)) ¥ r(1+ @)

1< < 1+1—1
00, —+ — =
=p,q= ,h q

by using definition of the fractional integral in(1) and (6)

f PG OIFEOY (dD)®

ra +a)(b
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I'ld+ aq) % (g+Da 1 n . . R
= <F(1 +(q + 1)a)) (b—a) @ x (M;V 1" (at) )

Where O < p <1 and by using (1), we get
= [ e o) @ <

(L + a)(b
Cera+ aq))"(b —a)

(rd+(q+ 1)a)) (ra+ a))P
Now by using Lemma 2.4,we get

r(1
‘f( ) — aly f(x )‘

I/l 0<p <1

)a
CR(I L+ a) (s - @)

(r(1 + (q + 1)a)) (ra+ a))p

lIf My 0<p<1

The second case is proved.
Theorem 3.2:
Iff cR,f:I°cR—> R*beamap [a,b] € I°, f € Lp,[a,b].
Then
fl@+fh) Td+a)
(D) | = D)+ b e — I f ()

b — )t
(fa+ap)tb=ar .\

(r(1 +(q + 1)a)) T+ a)r

1<pq< 1+1 1.
D, q = o, - =
b q

fl@+fkh) TId+a)
2¢ C(b-a)*

C(ra+ aq))‘(b — e
(F(l + (q + 1)a)) (r(1+ a))v

(2) (U =h)*f(x) + h® aly f (x)

tIf %, 0<p<1l

Proof:

We take two cases to prove our Theorem.
Casel: 1 <p <

By using Lemma 2.5 , we obtain.

a af(a) +f(b) 1+ a)
I-h*f(x)+h e -G
T+ a)(b f lp(x Ol )] (@)

By using the generahzed Holder s inequality described in Lemma2.1 , we obtain.

aly f (x)
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f@+fb) TA+a)

(I — h)%f(x) + h® — b —ae alg‘f(x)‘
, L . L "
< G| s | P 0@ | | rems [ oo
1§p,q§00,%+%=1 (8)
Let us calculate (1"(11+a) f;|p(x, t)|q(dx)a)5 i V:e have
1 ; b—a “ ! 1 ’ b—a “ .
r(1+a)ft_<a+h( 2 )) @™ | + r(1+a)ft_<b_h< 2 )) (d6)®

= (M;y + M,)4 €©))

x B aq
Ml:ﬁaf t—<a+h(bz—a)>

(dt)”

1 ‘”h(?) b—ay)|™
:—F(1+a)fa t—<a+h(—2 )) )" +
x _ aq
_1 t—{a+h (b—a) (dt)*
1+ a) a+h(b;—a) 2
By using Lemma 2,1
(g+D)a
. Tl+aq) b—a e
'"TA + (@ + Do) <a th (T)) —al@
(@g+Da
+ [ xl@tDe — <a+h(b_a )
__Td+aq Da _ (@D
I BRI ORI IS a0
also, 1 , ) v
—Qa
M2=F(1+a)jt_(b_h( 2 )) (dt)
1 () b—ay\|“
S t_<b_h(_2 ))‘ 0y +
x _ aq
; t—1b—-nh (b_a) (dt)a
F(1+ @) Join(2ze) 2
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(1 b (g+1)a
, = 1a+ad b—h(=2) _ x(@+Da
1+ @+ Da) 2

b—a (g+Da
+ | x@+ba — b—h( )

2

I'ld+ aq)

“TA+(q+ Do)
Put (10) and(11) in (9), we get

(b(q+1)(x _ x(q+1)a) (11)

e f IpCr, 010"

1

1+ aq) q
= (q+Da _ ,(q+Da pl@ta _ 4 (q+Da
[m T (g + Da) (x ale) + ( x(@re)

1

_ ( F(l + QQ) (b(q+1)a _ a(q+1)a)>q

1+ (q+Da)

1+ aq) % (@+Da
= <r(1 (g + 1)a)> b-a) « 12)

Put (7) and (12) in (8), we get

fl@+fk) TId+a)
20 (b-a)"

‘(I—h)“f(X)+h“ alyf (x )‘

1
1

1 (r + aq))

< b=\ T+ @+ Da) ( (@+Da _ a(Q+1)a) % (m) ”fa”p .

This implies,

‘(’ e 4 pe DTS TA+ O

2“ (-
(ra+ aq))q(b - a) 1 1

Il 1< P <o, 4o =1
(F(l +(q+ 1)a)) (ra+ a))p
The first case is proved.

Case2: 0 <P<1
By using the generalized Holders inequality described in Lemma2.2 , we obtain.

f PG OIIF GO (dD)e

alyf (x )‘

ra+ a)(b

1
(b—a)“ F(1+ a)
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1< < - + ! 1
00, —+— =

SPqs o7 p

by using ( ) and using(lQ) implies

j’mutnvww|(mw

ra+ a)(b

1

1

Frl+aq) \¢ (g+Da 1 " . . L
= <F(1 +(q+ 1)a)) (b—a) @ x (m;If ol (at) >

Where 0 < p<1 by using Lemma 2.3,we get

ra +a)(b f lpCe, OIf Y (d)*

r(1+ aq) . @+Da 1 n ) )
S<H1+m+1m)‘w_¢)q chfﬁﬁggfﬁm%md)

By using( ), we get
j‘mwtnvww (dt)®

I+ a)(b
Cp)(ra+ WI)) (b—a)

(r(1 +(q + 1)a)) (ra+ a))v

Now by using Lemma 2.5, we get

k m%(>hﬂwffw)zﬂ+ﬁ
amﬁu+a@)w—@

(r(1 +(q + 1)a)) (r(1+ a))v

The second case is proved.
Corollary3.3:

Iff cR,f:I°c R— R*beamap [a,b] C [°and f € Lp 4[a, b].

Nl 0<p<1.

aly f (x)

Then
ra (b — a)a
O (A te)b=ar
(r(1 +(q+1Da)I(T(1 + )P )
1 1Sp,qS00,E+a=1.
+

@00 - Gyl )

Cp)(r(1+ aq))q(b —a)t e, 0<p<t
- (F(l + (q + 1)a)) (r(1+ a))P
ByOL(J)s:mgTheorem 3.2, we get
Case 1:
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b) T ra 7 b— 7
0 -myepeo rel QIO D ey o LALOIODT_ ey
T+ (g+ D) (r + )P
Ifh =0, we get
ra ra a(h — a 1 1

f(x)_(lg——+a§{")‘algf(x) < (¢ +aq))(l %) l||f“||p 1<pq<oop+a=1.

. T+ (g+ D) (T + a))?
ase 2:

f@+fb) TA+a) - CP)(r( +aq))i(b - a)%

(I —h)*f(x) +h® Sa - alyf(0)| < p 1%y,
T+ (g+ D) (r + a))?
Ifh =0, we get
L
00~ D o | « NI D ety 0<p <

(T +(q+ 1)a)) (ra+ a))P
Corollary 3.4:

Iff cR,f:I°c R— R*beamap [a,b] € [°and f € Lp 4[a, b].

Then

fl@+fb) ra+a)
DY@+~ G=qu®

(F(1+aq))q(b— ) Ifel, <P < oo’1+1: L
(T + (g + D@)I(TA + @) P4

fl@+fk) TIad+a)

(2)‘f( TRt e LG )‘
C(p)(l“(1+aq)) (b—ay IFell, 0<p<t
- (r(1 +(q + 1)a)) (r(1+ a))v
Byol(l)sing Theorem 3.2, we get
Case 1:
b) T ra a(h — %
(- )“f()+h“f( )2+f() (1§_+a;2a (T( +oc61))(l a) 11f<ll
(T + (g + D)1 (T(1 + )P
Ifh =1, we get
b) T(1 r'(1 a(h — %
‘f( ) +f(a)2+f( ) (15 _+a§c3a (r(1 + aq)) BT pe,12pq
(TA+ (g + D)(Tr1 + )P
< 00,1 + 1 = 1.
p q

Case 2:
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fl@+fb) Ta+ a)
2 (h—a)e"

cP)(ra + aq))%(b - a)g 1<l
1 1 p’
(r(1 + (g + D) (Tl + )P

Ifh =1, we get

’f()

f(a) +f(b) F(1+0!)

¢

C(P)(F(l + aq)) (b—a)a
(r(1 + (q + 1)a)) (r@1+ a))P

Tl 0<P<1.
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