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Abstract: This paper explains about the Total degree of Maximal product of Two constant II" graphs.
Fuzzy graphs are derived from crisp graphs. Various properties of IF graphs are extended from Fuzzy
graphs. Maximal product of Fuzzy graph structures with applications have been discussed in different
papers and extended to IF graphs. Constant IF graphs are special type of IF graphs which have same
degree for all its vertices. IF Graphs have many applications including the investigation of images by
image segmentation, Brain mapping etc, Maximal product of fuzzy graphs is applied in various fields
like effective logistic Management, Agricultural product mapping etc. Here in this paper, the Total
degree of the vertices in maximal product of Constant IF graphs are studied in detail with definition and
various examples and theorems.
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1. Overview

Zadeh introduced the principle of fuzzy sets in the year 1965. After his, introduction, many
generalisations of this fundamental concepts have been developed.by many Mathematicians in different
field related to the Fuzzy. In 1999 Atanassov introduced the notion of an IF set. In 2002 Atanassov
along with Shannon further explained about generalisation of an IF Fuzzy graphs. Subsequently, in
2006 & 2009, various properties of IF graph have been discussed by Parvathy & Karunambigai on
identical fields. In 2012 Karunambigai, Parvathy & Bhuvaneswari explained in details, the structure of
an IF graph on its arcs and the properties of complete IF graph and Constant IIF graph. In 2019, Sitara,
Muhannad Akram and Muhammad Yusaf introduced maximal products of fuzzy graph structure and
analysed the properties with examples. In 2021, Mala, Shanmugapriya & Santhosh Kumar explained the

degrees of vertices and edges for the maximal product of an IF Ideals of MI'groups in Near rings.

2. Preliminaries
In this part of the article, few descriptions of an IF graphs, Constant IF graphs and maximal
product of an IF graphs are presented.

Definition: 2.1 [1]

Let The Set E Be Fixed. An If Set A In E Takes The Form A = {a M4 (A),T5(A)/Aee} Where The
Degrees Of Membership And Non — Membership Of The Element A€ E Are Indicated By The
Functions My: E = [0,1] And [A:E = [0,1] Where 0 < Mj(A) +T4(A) <1

Definition: 2.2 [2]
The set G={< o, B >, pg(a,B),vg(a,B)/< a, > €VxV} is said to be an IF graph if these
functions pg:VxV — [0,1] and yg: VXV — [0,1] define the corresponding degrees of membership and
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non — membership of the elements (a, ) € VXV over IFSs for all (o, ) € VXV such that 0 < pg(a, B) +
Ye(o,B) < 1.

Using one of this Cartesian Product the following definition is obtained.

Definition: 2.3 [4]

Maximum IF graph takes the form G = (V,E) where V = {v4, v, ....v,} such that u: V- [0,1] and
y:V = [0,1] represent the degrees of membership and non — membership of the element v; € V
respectively with 0<u(v)+ylv) <1lfori = 12,.....n
IfE < VXV where p: VxV — [0,1] and y: VxV — [0,1]
such that p(vj, vj) < max[p(v;), u(vj)]

and y(vy, vj) < min[y(vy), y(v;)]
with 0 < u(vj, vj) +y(vy, vj) < 1forevery vy, vj € Efori,j=12,..... n.

Definition: 2.4 [7]
Let G(,Y) be an IF graph, the p — degree of a vertex vjis
W) = ) umw)
(Vi,Vj)EE
and the y — degree of the vertex vj is
@) = D yYmw)
(Vi,Vj)EE
the degree of the vertex is
4w = { ). umv) Y. v}
(Vi,V]')EE (Vi,V]')EE

and p(v, vj) = y(v;,vj) = 0if (v, vj) € E.

Definition: 2.5. [5]

Let G(i,y) be an IF graph with d,(v;) = k; and d,(vj) = Kj for all v;,vj €V of the IF graph
G(V, E), the graph is denoted as (Kj, K;) - [FG (or) Constant IFG of degree (k;, k;)
Definition: 2.6. [7]

Let G(V,E) be an IF graph with G(u,y), the total degree of a vertex v €V is defined as

W= > @) Fum), ) dy @) v

(Vier)EE (Vi,V]')EE

If the total degree of each vertex in G is the same and it is denoted as (Iy, ) , then G is called an IF
graph of total degree (r1,r;) or a (r1,ry) totally Constant IF graph.

Definition: 2.6. [6]

Let Gl (V,E, 1y, vr,) and G, (Vi Ep 1y, Yy,) be two graphs of IFIMFGNR I; and I, is near ring N*
then Gl * GI; = (ViE{uyyp) is called maximal product structure of IFMFGNR . The set of vertices
Vi =V, xV}, exist with

(i, si) = Wy, (1) Vg, (si) and yi(ry, i) = vy, (1) Ay, (sp) for all (rj,s5) € Vi
The set of edges
Ep = {(ry,81)(rz,82)}/r1 = rpands;s; € Eg, (or)
s; = syandryry € Ej exist with py(ry,s1) (2, 82)
= {ty, (r1) V uy, (s152) wherer; = rp; &s;s; €Ej,
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{ur, (s2) V py, (riry) wheres; = s &ryr, € B

and yi(ry,s1) (rz,82)
={yy, (ry) Ay, (sis2) wherer; = r, &s;s; €Ej,
{v,(s2) Vyy(riry) wheres; = s, &ryr, € Ej

Definition: 2.7. [6]
The vertex degree of maximal product of IFMFGNR
Gly (Vi Ep g, vy,) and Gl (Vi Ep,py, v,) s given by:
D(Gy * G2) pi(ry,85) = X1y, (i) Vg, (sp) + X wg, (sj80) V oy, (rj) and
D(Gy * G2) vi(rj,5)) = Xy, (rjr) Avi(s)) + X v, (si80) Ay (1))

3. Maximal Product of Two Constant If Graph
Definition 3.1.

Let Gy(V,E' u',y")and G,(V",E",u",¥") be two constant IF graphs then G;*G, =
(V*,E*,u",y") is the maximal product structure of G; and G, with V'X V" = V", the set of vertices
exist with

p (") = max {p'(u"), 0" (")}
v (w',w”) =min{y'(u),y" (u;")}. for all (u;’, ;"
The set of edges E* exist if either the first or the co-ordinate of the vertices are same.
p*(uf’,uj”)(uj’, ui”) = max {p:’(ui’), p”(uj”)} ifu;” = and u;"u;"” € "
(or)
max {u’(ui’uj’),u”(uj”)} ifu;'w;" € E' and u;"" = ;"
and y*(ui’, uj”)(uj’, u[-”) = min {p:’(ui’), ﬂ”(uj”ui”)} ifu;" = u;" and if u;"w;"" € E”
(or)
max {u’(ui’uj’),u”(uj”)} ifu;'w;" € E" and u;"" = ;"
Example 3.2.

Consider Gy (V',E',u',¥") and G, (V" ,E",u",y"") be to constant IF graphs and G(V, E, u,y) is their
maximal product of Constant II* graphs
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u2'(0.5,0.4) u2'(0.4,0.1)

(0.3,0.1) (0.4,0.3)

(0.4,0.3)

0'(0.3,0.2) (0.3,0.1) us'(0.2,0.1) n’(0.3,0.1)  (0.4.0.3) u3"(0.5,0.2)
Graph G, (V" E' .41, ¥") Graph 2 G, (V" E", 1" y")

(0.4,0.2)

(w',m’)

(0.4,0.1) (u’, us")

(0.5,0.2)

(wm',m")
(0.3.0.1)

(0.4,0.2) (0.4,0.2)

(0.3,0.1) (0.4,0.1) (0.5,0.1)

0.5,0.3)

(0.3,0.1)

(u2', ")
(0.5,0.2)

(w2, m")
(0.5,0.1)

(0.4,0.1)

(0.5,0.1)

(uz’, m") S (uy’, ms")
(0.3,0.1) (0.4,0.1) (us',w2") (0.4,0.1) (0.5,0.1)
(0.4,0.1)

GV E W, y)=6,6G

Example 3.3.
Consider the following two Constant IF Graphs G, and G.,
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(0.4, 0.2) . (0.5, 0.3)
v (0.5, 0.2) Vs
(0.3, 0.1) (0.3, 0.1)
V, (0.5, 0.2) Vs
(0.5, 0.2) (0.4, 0.1)

Figure 1.

V1'(0.4, 0.3)

(0.4, 0.2) (0.4, 0.2)

(0.2, 0.1) V4’ V2' (0.5, 0.4)

(0.4, 0.2)

Figure 2.

Let us find the maximal product of these two graphs as G.
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(0.4.0.2) \"1&_.'

VixV,’ (0.4. 0.2) VixVa'
(0.4, 0.2) (0.4, 0.1)
(0.5. 0.2) (0.5. 0.2)
(0.5, 0.1)
(0.5. 0.2)
(0.5.0.2) | (0.5]0.3) (0.5, 0.2) VaxVy'
(0.5, 0.3)4 VoV (0.5, 0.1)
(0.5. 0.1 (0.3. 0.1
(0.4, 0.1) (0.1, 0.1) (0.5, 0.1) (0.3, 0.1)
(0.1, 0.1)
—
VaxVy' (04,001 (0500.1) (0.4,0.1) \\’;;x\n;'
(0.4, 0.1) Vs 0.1, 0.1)
(0.5, 0.2) (0.5. 0.2) (0.5, 0.1)
(0.5, 0.2)
(0.5, 0.2) (0.5, 0.2)
Vax'Vy' VixVo' VixVy'
(0.5, 0.2) (0.5, 0.2) (0.5. 0.1)

Consider the above graph, the degree of the maximal product of the CONSTANT IF graphs are

calculated using the above definition as given below:
D(Gy * G2)y (vixvy") = W (viv) Vi (vi) + Wy (viva) Vi (vi) + pp(vq'v2") Vg (vy) +

o (v1'v3 )V (vi) = 1.7

D(Gy * Gp)y(vixvy") = v1 (viv)AY2(v1") + 1 (viva) Av2 (V1) + v2(v1 v, ) Aya(vy) +

Y2(v1'v3)AY1(v,) = 0.7

(i.e) D(Gy * Gy)(vixvy) = (1.7,0.7)
D(Gy * Gp)y(vixvy) = W (viv) Vi (v2") + g (viva) Via (v ) + up(va've ) Vg (vq) +

Mo (v2'v3 )V (v,) = 1.8

D(Gy * G2)y(vixvy') = y1(viv2)AY2(v2) + Y1 (Viva)AY2 (Vo) +v2(v2'vi") Ayi(ve) +

Y2 (vo'v3 Ay (v = 0.7

D(G; * Gy)(vyxv,") = (1.8,0.7)
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D(Gy * G2)(vixv3") = py (viv2)Via(v3) + 1wy (vive) Ve (v3') + pa(v3'vy") Vg (vq) +
H2 (v3'vo )V (v,) = 1.6

D(Gy * Gp)y(vixv3) = y1(viv2)AY2(v3) + Y1 (Viva)Ay2(v3) +v2(v3'vy) Ayq(vy) +
Y2(v3'v2)Ay1(v1) = 0.6

D(G; * Gy)(vixv3") = (1.6,0.6)

Likewise apply the same technique to determine the degree of each vertex in the maximal product.
D(Gy * Gy)(vyxvy') = (1.9,0.7),
D(Gy * Gy)(vyxvy,") = (2.0,0.7),
D(Gy * Gz)(vzxvs') = (1.8,0.6),
D(Gy * Gz)(vsxvy') = (1.7,0.5),
D(Gy * Gy)(v3xv,') = (1.8,0.5),
D(Gy * Gy)(v3xvy') = (1.6,0.4),
D(Gy * Gz)(vaxvy') = (1.9,0.7),
D(Gy * Gz)(vaxvy') = (2.0,0.7),
D(G;y * Gy)(vuxv3') = (1.8,0.6).
The above example implies the maximal product of two constant I graphs need not be a constant
IF graphs.

Definition 3.4.
If G(WV*E*,u*,y") is the maximal product of two constant IF graphs G;(V',E',u',y") and
G,(V",E",u",y"") then the total degree of the vertices of G (ui', uj") € V* is defined as,
totaldeg,-(u;', u;"")

— Z max {M,(ui,uk’)'ﬂn(uj”)] 4+ Z max {.u”(uj”uk”) ,,u’(ul-’)} + #*(ui’luj”)

Where (u;'uy") € E' and (w;"w;"") € E" and

totaldeg,-(u;',u;"") = Z min {y’ (w;'w), v" (w")} + Z min{y” (" we') ,v' W)} + v (w', w"),
wheri,j k=123 ...n

If each vertex of G has the unique total degree (k',k’") then G is said to a maximal product of IF
graphs of total degree (k', k") or (k’, k'")- totally constant maximal product IF graphs.

Example 3.5
Consider the maximal product of two constant I graphs which is obtained in Example 3.2. The

total degree of all 9 vertices of G has calculated as follows:
totaldeg,-(u;",u,"") = (0.4 + 0.4+ 03+0.3) + 0.3 =17
totaldeg,-(u;",u;,"") = (0.2+ 0.2+ 0.1+ 0.1) + 0.1 = 0.7
totaldeg, (us", u;") = (0.4 + 0.4+ 0.4+ 0.4) + 0.4 = 2.0
totaldeg,-(u;",u,"") = (0.1 +0.1+0.2+0.2) + 0.1 = 0.7
totaldeg,-(u,",u3") = (0.4 + 0.4+ 0.5+ 0.5) + 0.5 =23
totaldeg,~(u;",u3") = (0.2+0.2+0.1+0.1) +0.2=10.8
totaldeg,~(uy;',u ") = 2.1

totaldeg,~(uy',u;"") = 0.9

totaldeg,~(u,', u,") = 2.3

totaldeg,~(u,',u,") = 0.9

totaldeg,-(u,',u3") = 2.5
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totaldeg,-(u,',u3") = 1.0
totaldeg,(usz',u;"") = 1.7
totaldeg,~(usz',u;") = 0.5
totaldeg,(us',u,") = 2.0
totaldeg,~(us',u,") = 0.5
totaldeg,(us',us") = 2.3
totaldeg,-(us',u3") = 0.5

Example 3.6

5796

The following example explains the maximal product of two totally constant IF graph need not be

totally constant maximal product IF graphs.

u4(0.3,0.2) 0.1,0.3) u3'(0.3,0.2)
(0.2,0.4) (0.2,0.4)
u1'(0.3,0.2) (0.1,0.3) u2'(0.3,0.2)

G (VL E 1 y")
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(0.3,0.2)

(m',u2")
(0.3,0.2)

(0.2,0.3)

0.2,0.4)

(0.2,0.4)

(0.2,0.4)
(0.2,0.4)

(0.3,0.2)
(w,m)
0.3,0.2)

(0.3.0.2)

(us’, m”)
(0.3,0.2)

(us’,us”)
(0.3,0.2)

(0.2,0.3) (0.2,0.3)

(0.3.0.2)

(us,m") (us', m") (us,u3z’)
(0.3,0.2) (0.3,0.2) (0.3,0.2)

Graph G = Gy * G,
Theorem 3.7
If GG(V,E',u',y")and G,(V'",E",u",y"") are two constant IF graphs such that p'(u;") <
W we) p (w'y) < (') and Y (w') = v we"), v (wi'yy’) = v (wg”") then the total
degree of their maximal product G*(V*,E*, u*,y*) = Gy * G, is given by
totaldeg,(u;',u;"") = no(u;") u”’ (w;"") + totaldeg,(u;"") and

totaldegy*(ui’,uj”) =no(w") y" (') + totaldeg, (") for i,j,k=123...n
Proof:

If G(V,E',u',y")and G,(V'",E",u",y"") are two constant IF graphs such that p'(u;") <

w "), ,u'(ui'uj') < p'"(ug'") then the total degree of the vertices in their maximal product is
defined for i,j, k = 1,2,3 ....n as,

totaldeg,- (ui’,uj”)
— Z max {#I(uilukl)’#ll(ujll)} + z max {,u”(uj”uk”) 'Hl(uil)} + ﬂ*(ui’:uj”)
Where  (u;'w’) € E', (u;"u,”") EE" and u;' =
uj,ﬂui” — uju
— Z.u”(uj”) + z.u”(uj”uk”) + ‘u*(uil'uju)

=no(w;") W' (w'") + totaldeg,, (uj”)
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totaldeg,,- (ui’,uj”) = Z min {y’(ui’uk’),y”(uj”)} + Z min {y”(uj”uk”) ,y’(ui’)} + y*(ui’,uj”)
Where (w;'w,') €E', (uj"u,") €E” and wu;' =
u]‘,, ui” — uj’l

— Z )/"(uj") + Z V"(uj"uk”) + y*(ui’;uj”)
=no(w;") y"(w'") + totaldeg, (uj”)
Here ng(u;") is the number of edges incident at w;" in Gy (V',E", u’,y")

Theorem 3.8
If G(V',E',u',y")and G,(V",E",u",y") are two constant IF graphs such that u'(u;") <
T TN u’(ui’uj') <u'(u") and ¥ (') =y (@ w"), v’ (ui’uj') > y"(u,'") with second
constant IF graph is (C;"", C,"™) then the total degree of the vertices of their maximal product is
totaldeg,(u;',u;"") = totaldeg,n (w;") + no(w;)C;"" and
totaldeg,-(u;', u;") = totaldeg,, (") + no(w;NC,™

Theorem 3.9
If GV, E' u',y")and G,(V",E",u",y"") are two constant IF graphs such that p"(y;"") <
wwu), 1 (w"y") < p(u’) and Y (') =7 (w'ue), v (wi'y"") = ¥’ (wy') then the total
degree of the vertices in their maximal product G(V*, E*, u*,y*) = Gy * G, is given by
totaldeg,(u;',u;"") = no(u;"") W' (u;") + totaldeg, (u;") and
totaldeg,- (ui’,uj”) =no(y;") y'(w;') + totaldeg, (w;') for i,j,k =123 ...n

Proof:
Let Gy(V,E",u',y") and G,(V",E",u",y"") are two constant IF graphs such that u''(u;"") <

.u’(uj’uk,) , .u”(ui”uj”) < #/(uk/) and y//(ui//) > yl(ujluk’)a y”(ui”uj”) > ,yl(ukl) then by
definition of total degree, their maximal product Gy * G, = G(V*, E*, u*,y") is obtained as
totaldeg,-(u;', u;"")
— Z max {M,(ui,uk,)JM”(uj”)} + Z max {,u”(uj”uk”) ’Ml(uil)} + l’l*(ui,:uj”)
Where (ui'uk') € E’, (uj”uk") € E"” and ul-’ =
ujr’uiu — uju

— Z.u,(uj,uk,) + ZM'(ui') +,u*(ui',uj”)
= D W)+ ) ) + max (@), 1 ()
= no(uj”)u’(ui’) + totaldeg,, (u;")
Similarly,
totaldegy*(ui’,uj”) = Z min {y’(ui’uk’),y”(uj”)} + Z min{y”(uj”uk”) ,y’(ui’)} + y*(ui’,uj”),
Where  (u;'u’) € E', (u;"uy”") €EE" and u;' =
uj’,ui” — u]‘,,

=D Vaiw) + )y ) +v (")
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= D> V) + )y @) + ming () 1 (@)
=no(y;") y'(w;') + totaldeg, (w;)
Hence ng(w;"") is the number of edges incident at u;"" in G,(V", E", u"”", y"") constant IF graphs.

Theorem 3.10

If Go(V',E',u',y")and G,(V",E",u",y") are two constant IF graphs such that u"(u;"") <
w(u'ug"), u”(ui”uj”) S (') and ¥y (W) =y (w'ue"), v (ui”uj”) > y'(ug") with second
constant IF graph is (C;", C,") then their maximal product has the total degree as

totaldeg,- (ui’,uj”) = totaldeg, s (u;") + no(y;")C;" and

totaldegy*(ui’,uj”) = totaldeg, (u;") + no(w;")C;"

4. Conclusion

The total degree of the vertices of the maximal product of two constant II' graphs has been
explained with definitions, examples and theorems. Also, theorems on different conditions related to two
different constant IIF graphs on membership and non - membership values are proved explicitly.
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of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).
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