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Abstract: The complex and invasive dynamics of brain tumours present significant clinical and 
computational challenges. This study aims to enhance the numerical efficiency of brain tumour growth 
simulation through an improved iterative solver. A two-dimensional diffusion–proliferation model of 
brain tumour growth is discretized using an implicit finite difference scheme to generate a large, sparse 
linear system. The resulting system is solved iteratively using the Kaudd Successive Over-Relaxation 
(KSOR) method and compared with the classical Gauss–Seidel (GS) approach in terms of convergence 
rate, iteration count, computation time, and numerical accuracy. Numerical experiments reveal that the 
KSOR method achieves up to 94.65% reduction in iterations and 86.33% faster computation compared to 
GS while maintaining high stability and accuracy. These findings demonstrate that integrating the 
implicit finite difference scheme with KSOR provides a robust and efficient numerical framework for 
modelling two-dimensional brain tumour dynamics. This approach offers practical implications for 
improving computational modelling of tumour progression, potentially supporting real-time prediction 
and treatment planning in biomedical and clinical applications. 

Keywords: Brain tumour modelling, Gauss-Seidel, Iterative solvers, KauddSuccessive over-relaxation, Partial differential 
equation. 

 
1. Introduction  

Brain tumours, especially diffuse gliomas, are among the most aggressive cancers of the central 
nervous system, marked by their relentless infiltration into surrounding healthy tissue and the difficulty 
of complete surgical removal. Their microscopic spread often extends far beyond the visible tumour 
margin on MRI, driving recurrence and limiting the effectiveness of surgery and focal therapies such as 
radiation [1-4]. Accurately predicting how these tumours grow and invade brain tissue is therefore 
critical for patient prognosis and treatment planning. 

Mathematical modelling has become an essential tool for capturing this complex biological 
behaviour. Among the various approaches developed over the past three decades, the Swanson reaction–
diffusion framework stands out as one of the most influential and clinically relevant [5-7]. This model 
combines two key processes that define glioma progression: the random migration of cancer cells 
through heterogeneous brain structures and their continuous proliferation. By framing tumour growth 
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as a reaction–diffusion process, the Swanson approach bridges biology and mathematics, enabling 
researchers to estimate invasion rates, forecast tumour spread visible on imaging, and even personalize 
treatment strategies based on patient-specific imaging data [8-11]. 

Implementing the Swanson model in realistic three-dimensional geometries requires discretizing 
the governing partial differential equation into a large, sparse system of algebraic equations that must 
be solved efficiently at every time step [12-14]. Iterative solvers are the workhorses for these systems. 
Classical Gauss–Seidel (GS) iteration is widely used because of its simplicity and guaranteed 
convergence for symmetric positive definite matrices, but its rate of convergence can be slow for the 
strongly coupled diffusion–reaction matrices typical of tumour simulations [15, 16]. To accelerate 
convergence while retaining the low memory footprint of GS, the Kaudd Successive Over-Relaxation 
(KSOR) method has recently been proposed as a hybrid strategy that blends row-projection ideas of the 
Kaczmarz method with the relaxation dynamics of SOR [17, 18]. By introducing a tunable under-
relaxation factor, KSOR improves stability and can outperform classical SOR and GS on large sparse 
diffusion-type problems, reducing iteration counts and accelerating residual decay [19, 20]. 

Motivated by these developments, the present study applies the Swanson reaction–diffusion model 
and performs a systematic numerical comparison of GS versus KSOR for solving the resulting large-
scale discretized system. Building on prior evidence of efficiency gains from Kaczmarz-inspired 
relaxation, we hypothesize that KauddSOR will deliver superior performance relative to GS in terms of 
iteration count, residual reduction, and overall computational time, thereby enhancing the feasibility of 
patient-specific glioma growth simulations. 
 

2. Mathematical Modelling 
The progression of brain tumours, particularly diffuse gliomas, is characterized by two fundamental 

processes: cell migration into surrounding brain tissue and cell proliferation that increases tumour mass. 
Capturing both behaviours within a single mathematical framework has long been a challenge in 
oncology research. Many early models either focused solely on proliferation, ignoring spatial spread, or 
emphasized diffusion while overlooking the biological reality of exponential tumour cell growth [19, 
20]. 

A breakthrough occurred when Swanson and colleagues introduced a reaction–diffusion model that 
elegantly balances these two aspects [5]. The idea is simple yet powerful: treat tumour cells as a 
population that not only grows in number but also disperses randomly, much like particles diffusing in a 
medium. This perspective transforms tumour progression into a problem familiar to applied 
mathematicians, the study of partial differential equations (PDEs) that combine diffusion with growth 
terms. This modelling paradigm has since become a cornerstone in the field of mathematical oncology 
[6, 10, 21]. 
 
 The Swanson model is expressed as: 

                          (1) 
Where c(x,y,t) denotes the local tumour cell density at position (x,y) and time t, D is the diffusion 

coefficient, reflecting the motility of glioma cells through brain tissue, ρ is the net proliferation rate, 
representing how quickly tumour cells divide. 

In this formulation, diffusion accounts for the invasive spread of tumour cells into healthy brain 
regions, while proliferation drives the exponential increase in tumour burden. Together, they create a 
model capable of reproducing the outward-moving tumour front often observed in clinical imaging [7, 
8, 11]. This capacity for biological realism is one reason the model has been widely used for predicting 
glioblastoma progression in both theoretical studies and patient-specific simulations [12, 14]. 
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To ensure biological plausibility, appropriate boundary conditions are imposed at the edge of the 

brain domain Ω. The most common choice is the zero-flux (Neumann) condition, which assumes that 
tumor cells cannot cross the physical boundary of the brain: 

                                                     (2) 
This reflects the anatomical constraint that the skull acts as a natural barrier, preventing tumour 

cells from escaping into surrounding tissue [6]. 
With this formulation, the continuous PDE captures the essential biology of glioma progression in a 

mathematically tractable framework. However, to simulate the model numerically, the equation must be 
discretized. The Laplacian operator is typically approximated by finite difference schemes, transforming 
the PDE into a large but structured system of linear equations. Solving this system efficiently is critical, 
particularly in three-dimensional geometries and high-resolution grids. At this stage, iterative solvers 
such as the Gauss–Seidel and Red–Black Gauss–Seidel methods play a central role in ensuring 
computational tractability [15, 17, 22]. 
 

3. Derivation of Approximate Equations 
Before applying iterative solvers, the continuous Fisher–KPP reaction–diffusion equation is first 

transformed into a discrete algebraic system. Using a finite-difference scheme, the spatial and temporal 
derivatives are replaced by suitable difference quotients, reducing the original PDE to a large, sparse 
linear system of the form. 

𝐴𝑢 = 𝑓                                                                  (3) 
where A is the coefficient matrix generated by the discretization, u is the vector of unknown nodal 

tumour cell densities, and f is the load vector assembled from source terms and boundary conditions. 
Thus, efficient solvers are essential for handling the size and sparsity of this system. Here, we 

examine two point-iterative methods: Gauss–Seidel (GS) and Kaudd Successive Over-Relaxation 
(KSOR). The classical GS method is straightforward and well-studied, offering guaranteed convergence 
for symmetric positive-definite problems, but it can converge slowly when applied to large reaction–
diffusion models [15, 16]. KSOR, in contrast, is a Kaczmarz-under-relaxed SOR variant that merges the 
row-projection strategy of the Kaczmarz method with the over-relaxation mechanics of SOR. By 
introducing an under-relaxation factor, KSOR improves numerical stability and typically achieves faster 
convergence for the sparse matrices produced by Fisher–KPP discretization [21-24]. 

For numerical simulation on a rectangular domain Ω=[0, 𝐿𝑥]×[0, 𝐿𝑦], we discretize space by a 

uniform Cartesian mesh with spacing h=Δx=Δy. Grid points are (𝑥𝑖 , 𝑦𝑗)=(ih, jh) with i = 0,..., 𝑁𝑥 , j = 0,..., 

𝑁𝑦 , Denote 𝑢𝑖,𝑗,𝑛 ≈ 𝑢(𝑥𝑖, 𝑦𝑗 , 𝑡𝑛)  . Approximating the Laplacian with the standard five-point central 

difference scheme, and for the time integration, we will use the Backward Euler method to ensure 
stability and practical timestep sizes in diffusion-dominated problems. Therefore, the Laplacian provides 
the discrete implicit relation at the interior node (i, j), as shown in Eq. (3) below: 

 

 

 
 
Next, we can rewrite eq. (3) in the standard five-point stencil form: 

  (5) 
Where, 
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Thus, the representation of the 5-point stencil form in eq. (4) is given in Figure 1 below: 

                                             
Figure 1.  
2D representation of the Computational Molecules. 

 
Based on the approximation in eq. (10), a linear system generated with the coefficient matrix is large-
scale and sparse, as shown in matrix form in eq. (11), by taking i = 0, 1, 2, …, n. 

                                                                               (6) 
Where: 

                                         (7) 

Thus, the matrix form for ,  and  can be written as: 

 

     

Thus, the solution vector  and  can be written as: 

  

  
Table 1 below lists the parameter values for diffusion, proliferation, and carrying capacity as 

reported in previous studies on glioma dynamics [5, 25]. 
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Table 1. 
Parameter values. 

Profile D (mm²/day) ρ (day⁻¹) 

Low-grade 0.0005 0.005 
Moderate 0.002 0.01 

High-grade 0.010 0.05 

                         

4. Implementation of the KSOR Method 
Refer to the linear system eq. (5); the equations are large and sparse because most of the matrix 

entries are zero. As a result, the sparsity makes iterative methods attractive, as they can handle such 
systems efficiently by reducing the computational and memory requirements. Hence, in this study, we 
used the GS and KSOR iterative methods to solve the linear system above because both methods are 
considered classical point iterative schemes with a wide range of use in numerical solutions for partial 
differential equations. 

Since Au= f represents the system of linear equations, where 𝐴 ∈ 𝑅𝑛𝑥𝑛, u is the unknown vector and 

b is the right-hand side vector assembled from the source 𝑓𝑖,𝑗. Then we split matrix A into its diagonal 

part and D, L is the lower part, and U is the upper part, such that 

                                                                         (8) 

The KSOR method, a relaxation parameter 𝜔 ∈ (−∞, −2] was introduced to accelerate the 
convergence. Hence, the KSOR iterative formula at step n+1 is: 

                                        (9) 
it can also be written as:   

                                  (10) 

where  is the diagonal entry corresponding to  and the sums are over the lower and upper 

triangular components, respectively. According to eq. (9), if we select ω = 1, the KSOR method can be 
reduced or known as the Gauss-Seidel (GS) iterative method. 

Therefore, based on the equations above, we present the general algorithm for both GS and KSOR 
to solve the equation, as indicated in Algorithm 1. 
Algorithm 1: KSOR scheme 
Step i:     Initialize ,      
Step ii:  Find and assign the optimal value of  
Step iii:  
 

For  and , update each grid point: 

 
Step iv:  
 

Check the convergence: 

                                                        
if convergence is satisfied, proceed to Step v, otherwise, return to Step iii. 

Step v:  Output approximate solution  
  

For the KSOR method, it is important to identify the optimal 𝜔 to minimize the number of 

iterations to reach convergence. Thus, in this study, we empirically estimated the optimal 𝜔 by running 

over a range of 𝜔 and selecting the 𝜔 with the lowest required iterations to achieve the lowest residual 
value at 4 decimal points. 
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5. Numerical Experiment and Discussion 
In this section, we will conduct a numerical test on the equation. (5) with different parameters based 

on Table 1 to evaluate the performance of the GS and KSOR methods. The criteria for this comparison 
are based on the iteration count (iter), execution time (t), and the maximum absolute error (e). All 
numerical experiments will be performed using various mesh sizes starting from 32, 64, 128, 256, and 
up to 512 grid sizes, with the simulation parameters used shown in Table 1. Finally, the maximum 
absolute error was computed by comparing the simulated results with the analytical fundamental shown 

in eq. (10) where D is the diffusion coefficient, ρ the net proliferation rate, and ( ) and ( ) represent 

the initial tumour location, and ε is a constant to avoid singularity at t = 0. This expression follows from 
the classical heat kernel solution with an added exponential growth term [20, 26, 27]. 
  

               (11) 
 
Table 2.  
The number of iterations, maximum absolute error generated by both GS and KSOR at different grid sizes for Low Grade 
Gliomas.  

Grid Size Method Optimal ω Iter e t, (s) 

32 GS 1.0000 8 

5.24x  

0.0002 

KSOR -14.7548 7 

5.24x  

0.0002 

64 GS 1.000 17 

2.11x  

0.0027 

KSOR -5.1293 11 

2.11x  

0.0015 

128 GS 1.0000 39 

1.26x  

0.0227 

KSOR -3.3555 20 

1.26x  

0.0115 

256 GS 1.000 121 

1.05x  

0.2588 

KSOR -2.5785 40 

1.05x  

0.0925 

512 GS 1.000 417 

9.96x  

3.5098 

 KSOR -2.2651 80 

9.96x  

0.7946 
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Figure 2.  
The Maximum Absolute Error for Low Grade Glioma. 

 
Table 3.  
The number of iterations, maximum absolute error generated by both GS and KSOR at different grid sizes for Mid-Grade 
Glioma. 

Grid Size Method Optimal ω Iter e t, (s) 

32 GS 1.0000 18 

4.22 x  

0.0006 

KSOR -5.1948 13 

4.22 x  

0.0005 

64 GS 1.000 44 

3.14x  

0.0079 

KSOR -3.5785 22 

3.14x  

0.0041 

128 GS 1.000 134 

2.85x  

0.0652 

KSOR -2.526 52 

2.85x  

0.0284 

256 GS 1.000 466 

2.77x  

0.9032 

KSOR -2.2828 88 

2.77x  

0.2395 

512 GS 1.000 1685 

2.75x  

14.3275 

 KSOR -2.1339 174 

2.75x  

1.6658 
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Figure 3.  

                            The Maximum Absolute Error for Medium Grade Glioma. 

 
Table 4.  
The number of iterations, maximum absolute error generated by both GS and KSOR at different grid sizes for High Grade 
Glioma.   

Grid Size Method Optimal ω Iter e t, (s) 

32 GS 1.0000 53 

5.35 x  

0.0020 

KSOR -3.419 31 

5.35 x  

0.0011 

64 GS 1.000 167 

5.05x  

0.0209 

KSOR -2.6086 58 

5.05x  

0.0080 

128 GS 1.000 583 

4.97x  

0.2860 

KSOR -2.2792 111 

4.97x  

0.0709 

256 GS 1.000 2116 

4.959x  

4.4602 

KSOR -2.1334 215 

4.959x  

0.4912 

512 GS 1.000 7729 

4.954x  

75.8102 

 KSOR -2.0668 410 

4.954x  

16.6873 
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Figure 4.  
The Maximum Absolute Error for High Grade Glioma. 

 
The computations were performed using C programs on a machine equipped with a Ryzen 7 3880H 

CPU and 8 GB of RAM. Tables 1–3 present the numerical results for the test cases across various grid 
sizes, while Table 4 summarizes the percentage reductions in iteration count and execution time of 
KSOR compared with GS. The data indicate that KSOR consistently outperforms GS, achieving up to a 
94.65% reduction in iterations at the 512 × 512 grid size. Additionally, the computational time required 
for the simulations was reduced by an average of 80.51% for the largest grids tested. Figures 1–3 plot 
the maximum absolute error for both methods, illustrating that as the grid resolution increases, the 
numerical solution converges more closely to the exact solution. 
  

6. Conclusion 
In conclusion, this study demonstrated the effectiveness of iterative numerical methods for solving 

the 2D parabolic equation modeling widely employed in studying brain tumour cell distribution. By 
discretizing the two-dimensional spatial domain and formulating the problem as a sparse linear system, 
we compared the performance of the Gauss–Seidel (GS) and Kaudd Successive Over-Relaxation (KSOR) 
solvers. The results show that KSOR consistently outperformed GS, offering faster convergence and 
reduced computational time while maintaining comparable accuracy based on the exact solution. These 
findings highlight the importance of selecting an efficient iterative solver to exploit the block-
tridiagonal structure of the discretized system. The approach provides a practical and reliable 
framework for analyzing tumour dynamics and can be extended to more complex models and higher-
dimensional problems in computational oncology. 
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