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Abstract: The inverted pendulum on a cart is a nonlinear and inherently unstable benchmark system 
widely used to evaluate advanced control strategies. This paper presents a Nonlinear Model Predictive 
Control (NMPC) approach for stabilizing and regulating the position of an inverted pendulum–cart 
system in the presence of external disturbances and model uncertainties. The nonlinear dynamics are 
derived using the Euler–Lagrange formulation and discretized for predictive-control implementation. 
An Extended Kalman Filter (EKF) is employed to estimate the unmeasured velocity states from 
available position and angle measurements. At each sampling instant, the NMPC controller solves a 
constrained finite-horizon optimization problem using a Sequential Quadratic Programming (SQP) 
algorithm while explicitly considering state and input constraints. To highlight the benefits of nonlinear 
prediction, the proposed controller is compared with a conventional Linear Quadratic Regulator (LQR) 
under moderately and severely nonlinear benchmark scenarios. Simulation results show that both 
controllers provide satisfactory performance under moderately nonlinear operating conditions. 
However, under severe nonlinearities, disturbances, and parameter uncertainties, the LQR controller 
loses stability, whereas the Nonlinear MPC controller successfully maintains pendulum stabilization 
and cart-position regulation. The obtained results demonstrate the superior robustness, disturbance-
rejection capability, and wider operating range of the proposed Nonlinear MPC strategy, confirming its 
suitability for controlling nonlinear and unstable dynamical systems. 

Keywords: Inverted pendulum cart system, Nonlinear MPC, Nonlinear system dynamics, Uncertainty, Disturbance. 

 
1. Introduction  

The inverted pendulum system is one of the most widely studied benchmark problems in control 
engineering because of its nonlinear, unstable, and underactuated dynamics. Without appropriate 
control action, the pendulum naturally falls from its upright equilibrium position. Therefore, a control 
force must be applied to the cart to continuously balance the pendulum while simultaneously regulating 
the cart’s motion. Owing to these challenging characteristics, the inverted pendulum has become a 
standard platform for the development and validation of advanced control strategies [1]. 

Beyond its theoretical significance, the inverted pendulum model is representative of several 
practical engineering systems. Examples include rocket attitude stabilization during launch, self-
balancing personal transportation devices such as the Segway, humanoid robots during walking, and 
various robotic balancing systems. Consequently, the inverted pendulum remains an important 
benchmark for evaluating the performance and robustness of modern control algorithms. 

Several configurations of inverted pendulum systems have been investigated in the literature, 
including cart inverted pendulums, rotary inverted pendulums, mobile inverted pendulums, and related 
nonlinear balancing systems [1, 2]. Among these configurations, the cart inverted pendulum has been 
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extensively employed for more than seven decades as a benchmark control problem because of its 
relatively simple structure and highly nonlinear behavior [3]. The main control objectives generally 
involve swing-up control, stabilization around the unstable upright equilibrium, and cart-position 
tracking [2, 4]. 

Numerous control approaches have been proposed for inverted pendulum systems, including 
proportional–integral–derivative (PID) [5] control, state-feedback control, optimal control [6], robust 
control, adaptive control, and model predictive control (MPC) [7-9]. Among these techniques, model 
predictive control has attracted considerable attention because it explicitly incorporates system 
constraints while optimizing future control actions over a finite prediction horizon [4].  This capability 
enables improved tracking performance and systematic handling of actuator and state limitations [8]. 

For nonlinear systems such as the inverted pendulum, Nonlinear Model Predictive Control (NMPC) 
provides additional advantages by directly exploiting the nonlinear plant dynamics without relying on 
local linear approximations. As a result, NMPC can achieve improved performance over a wider 
operating range, particularly in the presence of disturbances and nonlinear effects. However, the 
practical implementation of NMPC remains challenging because a constrained nonlinear optimization 
problem must be solved online at every sampling instant. Consequently, computational complexity and 
real-time feasibility remain important research issues in NMPC applications [10-12]. 

Several studies have investigated the application of NMPC to inverted pendulum systems. Previous 
works have demonstrated the effectiveness of NMPC for stabilization and trajectory-tracking tasks 
while satisfying operational constraints [2, 8]. Nevertheless, many existing studies focus primarily on 
nominal operating conditions and provide limited analyses of controller performance under significant 
nonlinearities, disturbances, and model uncertainties. Furthermore, comparative assessments of 
nonlinear predictive controllers and conventional linear control strategies remain relatively limited, 
particularly when the system operates far from its equilibrium region. 

Motivated by these observations, this paper investigates the application of an NMPC strategy for 
the stabilization and regulation of an inverted pendulum mounted on a cart under external disturbances 
and parameter uncertainties. The nonlinear dynamics of the system are modeled using the Euler–
Lagrange formulation, while an Extended Kalman Filter (EKF) is employed to estimate the unmeasured 
states required by the predictive controller. The NMPC optimization problem is solved online using a 
Sequential Quadratic Programming (SQP) algorithm. To highlight the benefits of nonlinear prediction, 
the proposed controller is compared with a conventional Linear Quadratic Regulator (LQR) under 
moderately and severely nonlinear benchmark scenarios. The effectiveness of the proposed approach is 
evaluated through reference-tracking and disturbance-rejection simulations, and quantitative 
performance indicators are reported to assess the closed-loop behavior. 

The remainder of this paper is organized as follows. Section 2 presents the mathematical modeling 
of the inverted pendulum system. Section 3 describes the design of the NMPC controller and the EKF-
based state-estimation scheme. Section 4 discusses the simulation results and comparative performance 
evaluation of the LQR and NMPC controllers under different nonlinear operating conditions. Finally, 
Section 5 summarizes the main conclusions and outlines future research directions. 

. 

2. Mathematical Modelling of the Inverted Pendulum on a Cart A  
The inverted pendulum on a cart is one of the most widely used benchmark systems in nonlinear 

control because of its inherently unstable and underactuated nature [1, 2]. The system consists of a cart 

of mass 𝑀 moving along a horizontal track and a pendulum of mass 𝑚 attached to the cart by a rigid 

rod of length 𝑙, as illustrated in Figure 1. A control force 𝑢 is applied to the cart to regulate its position 
while maintaining the pendulum in the unstable upright equilibrium position. Owing to the strong 
coupling between the cart’s translational motion and the pendulum’s rotational motion, the resulting 
dynamics are highly nonlinear and present significant control challenges. 
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Figure 1.  
Modelling of an Inverted Pendulum on Cart. 

 
To obtain a realistic description of the system, viscous friction acting on the cart is taken into 

account through a damping coefficient 𝑏. The pendulum rod is assumed to be rigid and massless, while 
the pendulum mass is concentrated at its center of gravity. The generalized coordinates are selected as 

the cart position 𝑝 and the pendulum angular displacement 𝜃, measured with respect to the upright 
vertical position. 

Using the Euler–Lagrange formulation, the nonlinear equations of motion can be derived by 
considering the kinetic and potential energies of the cart–pendulum assembly. The resulting model 
describes the coupled translational and rotational dynamics under the action of the control force and 
external disturbances [1, 13]. To evaluate the disturbance-rejection capability of the proposed 

controller, an external disturbance 𝑑(𝑡) is introduced into the cart dynamics [14, 15]. 
For controller design and state prediction, the system is represented by the state vector 
 

                              𝑋 = [𝑝 𝑝̇ 𝜃 𝜃̇]𝑇  (1) 
 

where 𝑝and 𝑝̇ denote the cart’s position and velocity, respectively, while 𝜃and 𝜃̇ represent the 
pendulum’s angular displacement and angular velocity. Based on this state representation, the nonlinear 
state-space model is expressed as: 

𝑝̇ = 𝑝̇     

                              𝜃̇ = 𝜃̇   (2) 

              𝑝̈ =
𝑢+𝑑(𝑡)−𝑏𝑝̇+𝑚𝑙𝜃̇2sin 𝜃+𝑚𝑔sin 𝜃cos 𝜃

𝑀+𝑚−𝑚cos 2 𝜃
 



293 

 

 

Edelweiss Applied Science and Technology 
ISSN: 2576-8484   

Vol. 10, No. 9: 290-304, 2026 
DOI: 10.55214/2576-8484.v10i9.13602 
© 2026 by the authors; licensee Learning Gate 

 

                    𝜃̈ =
(𝑢 + 𝑑(𝑡))cos 𝜃 − 𝑏𝑝̇cos 𝜃 − 𝑚𝑙𝜃̇2sin 𝜃cos 𝜃 + (𝑀 + 𝑚)𝑔sin 𝜃

𝑙(𝑀 + 𝑚 − 𝑚cos 2 𝜃)
 

 
The nonlinear dynamics can be compactly written as [16]  

                              𝑋̇ = 𝑓(𝑋, 𝑢, 𝑑)                                                                                       (3) 
    

where 𝑓(⋅) denotes the nonlinear state-transition function employed by the predictive controller. 
The measured output vector is selected as [1, 16-18]  

 𝑌 = [
𝑝
𝜃

]                                         (4) 

 
which corresponds to the cart position and pendulum angle available for feedback. These variables 

sufficiently characterize the system behavior and constitute the primary control objectives. 
The control problem addressed in this work consists of simultaneously stabilizing the pendulum 

around the unstable upright equilibrium position and driving the cart toward a desired reference 

position 𝑝𝑟 . Consequently, the controller must ensure that the pendulum angle converges to zero while 
the cart accurately tracks the prescribed reference trajectory. In addition, satisfactory performance must 
be maintained in the presence of external disturbances and actuator limitations. 

Unlike linearized models, which are valid only within a narrow neighborhood of the equilibrium 
point, the nonlinear formulation adopted in this study preserves the complete dynamics of the 
pendulum–cart system. This representation enables the predictive controller to accurately capture the 
plant’s nonlinear behavior over a wider operating range, thereby improving stabilization, tracking 
accuracy, and disturbance-rejection performance. The resulting nonlinear model serves as the 
foundation for the NMPC design developed in the following section. 
 
2.1. Linear Quadratic Regulator Controller 

Modern control theory has made a significant impact on the aircraft industry in recent years [16, 
17]. LQR is a method in modern control theory that uses a state-space approach to analyze such a 
system. Using state-space methods, it is relatively simple to work with a multi-output system. The 
system can be stabilized using a full-state feedback system. The configuration of this control system is 
shown in the simulation results. 
 

 
Figure 2.  
Full-state feedback controller with reference input. 

 
In designing an LQR controller, the lqr function in Matlab can be used to determine the value of the 

vector 𝐾 which determines the feedback control law. This is done by choosing two parameter values, 

the input 𝑅 = 1 and 𝑄 = 𝐶𝑇 ∗ 𝐶 Where 𝐶𝑇 is the matrix transpose of 𝐶. The controller can be tuned by 
changing the nonzero elements in the Q matrix, which is done in the m-file code shown below [17]. 

𝑅 = 1 
𝑄 = [0000, 0000, 0000, 000𝑥] 
𝐾 = 𝑙𝑞𝑟[𝐴, 𝐵, 𝑄, 𝑅]  



294 

 

 

Edelweiss Applied Science and Technology 
ISSN: 2576-8484   

Vol. 10, No. 9: 290-304, 2026 
DOI: 10.55214/2576-8484.v10i9.13602 
© 2026 by the authors; licensee Learning Gate 

 

Consequently, by tuning the value of 𝑥 = 500, the following values of matrix K are obtained. If 𝑥 is 

increased further, the response should improve even more. However, for this case, the value of 𝑥 =
500 is chosen because it satisfies the design requirements while keeping 𝑥 as small as possible. 

To reduce the steady-state error of the system output, a constant gain, Nbar, should be added after 
the reference. With a full-state feedback controller, all the states are fed back. The steady-state values of 
the states should be computed, multiplied by the selected gain K, and used as a new reference for 
computing the input. Nbar can be found using a user-defined function in an M-file. The method used in 
the simulation involves exporting both the value of matrix K and the constant gain. For this controller 

design, the value of the constant gain Nbar are found to be, 𝑁𝑏𝑎𝑟 = 100 [15, 17]. 
 

3. Nonlinear Model Predictive Control Design  
Nonlinear Model Predictive Control (NMPC) is adopted to stabilize the inverted pendulum around 

its unstable upright equilibrium position while simultaneously ensuring accurate cart-position tracking 
in the presence of external disturbances. Unlike conventional linear control techniques, NMPC directly 
exploits the nonlinear dynamics of the plant and explicitly incorporates system constraints into the 
control design. This capability makes NMPC particularly suitable for highly nonlinear and unstable 
systems such as the inverted pendulum on a cart. 

The overall closed-loop NMPC–EKF control architecture is illustrated in Figure 2. The framework 
integrates an NMPC controller, a nonlinear inverted pendulum–cart plant, sensor measurements, and 
an Extended Kalman Filter (EKF). The EKF reconstructs the complete state vector required by the 
NMPC, which computes the optimal control force and applies it to the plant in a receding-horizon 
manner. 

At each sampling instant, the controller predicts the future evolution of the nonlinear system over a 
finite prediction horizon using the nonlinear model developed in Section 2. An optimal sequence of 
control inputs is then computed by solving a constrained optimization problem. Following the receding-
horizon principle, only the first element of the optimal control sequence is applied to the plant, while the 
optimization procedure is repeated at the next sampling instant using updated state information. 
 

 
Figure 3. 
Closed-loop architecture of the proposed NMPC–EKF control system for the inverted pendulum on a cart. 

 
3.1. Prediction Model 

The nonlinear state-space model derived in Section 2 is employed as the prediction model for the 

NMPC controller. After discretization with a sampling period 𝑇𝑠, the system can be represented as 
Bacha, et al. [19]  
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 𝑋𝑘+1 = 𝑓𝑑(𝑋𝑘, 𝑢𝑘)                                                                                      (5) 

where 𝑋𝑘  denotes the state vector at the sampling instant 𝑘, 𝑢𝑘 is the control input applied to the cart, 

and 𝑓𝑑(⋅) represents the discrete-time nonlinear dynamics. 

Starting from the current state estimate 𝑋𝑘, the future system behavior is predicted over a prediction 

horizon 𝑁𝑝according to Fahmizal, et al. [11] 

𝑋𝑘+𝑖+1 = 𝑓𝑑(𝑋𝑘+𝑖, 𝑢𝑘+𝑖), 𝑖 = 0, … , 𝑁𝑝 − 1                                                        (6) 

The resulting predicted state trajectory is subsequently used by the optimization algorithm to 
determine optimal control actions. 

 
3.2. NMPC Optimization Problem 

The control objective is formulated as a finite-horizon optimal control problem. The cost function is 

defined as in Chrif and Zemalache Meguenni Kadda [2] 𝐽 =                      ∑ [(
𝑁𝑝−1

𝑖=0
𝑋𝑘+𝑖 − 𝑋𝑟)𝑇𝑄(𝑋𝑘+𝑖 −

𝑋𝑟) + 𝑢𝑘+𝑖
𝑇 𝑅𝑢𝑘+𝑖 + Δ𝑢𝑘+𝑖

𝑇 𝑅Δ𝑢Δ𝑢𝑘+𝑖] + (𝑋𝑘+𝑁𝑝
− 𝑋𝑟)𝑇𝑃(𝑋𝑘+𝑁𝑝

− 𝑋𝑟)  (7) 

 

where 𝑄, 𝑅, and 𝑃 are positive semidefinite weighting matrices associated with state tracking, control 

effort, and terminal-state regulation, respectively [10]. The matrix 𝑅Δ𝑢 penalizes excessive variations 
in the control input and contributes to smoother actuator commands. 
The reference state vector is selected as 

𝑋𝑟 = [𝑝𝑟 0 0 0]𝑇                                                                             (8) 

where 𝑝𝑟denotes the desired cart position. 
The optimal control sequence is obtained by minimizing the cost function subject to the nonlinear 

prediction model and operational constraints [7]  

𝑢min ≤ 𝑢𝑘 ≤ 𝑢max                                                                              (9) 
 
and 

        𝑋𝑘 ∈ Ω  

where Ω denotes the admissible state set. These constraints ensure physically feasible control actions 
while preserving closed-loop stability and safety. 
 
3.3. Receding-Horizon Strategy 

The NMPC controller operates according to the receding-horizon principle illustrated in Figure 3. 
At each sampling instant, the current state of the system is measured or estimated and used as the initial 
condition for predicting future states [11]. 
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Figure 4.  
Timing sequence of the receding-horizon NMPC strategy. 

 
The optimization problem is solved over the prediction horizon, producing an optimal control 

sequence [1, 4]  

𝑈∗ = [𝑢𝑘
∗ , 𝑢𝑘+1

∗ , … , 𝑢𝑘+𝑁𝑝−1
∗ ]                                                                          (10) 

 
Only the first control action is applied to the plant, 

𝑢(𝑘) = 𝑢𝑘
∗                                                                                      (11) 

 
while the remaining control moves are discarded. 

At the next sampling instant, new measurements become available, the prediction horizon shifts 
forward, and a new optimization problem is solved. This continuous feedback mechanism enables the 
controller to compensate for disturbances, parameter variations, and modeling uncertainties while 
maintaining high tracking accuracy. 

 
3.4. Extended Kalman Filter-Based State Estimation 

Since the NMPC controller requires knowledge of the complete state vector 

𝑋 = [𝑝 𝑝̇ 𝜃 𝜃̇]𝑇                                                                             (12) 
 

To perform state prediction and optimization, only the cart position 𝑝 and pendulum angle 𝜃 are 
typically measured. Therefore, an Extended Kalman Filter (EKF) is employed to reconstruct the 

unmeasured velocity states 𝑝 ̇ and 𝜃̇ [6].   
The nonlinear system is represented by 

                             𝑋𝑘+1 = 𝑓𝑑(𝑋𝑘, 𝑢𝑘) + 𝑤𝑘                                                                             (13) 

                                                                                   𝑌𝑘 = ℎ(𝑋𝑘) + 𝑣𝑘    
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where 𝑤𝑘and 𝑣𝑘  denote zero-mean Gaussian process and measurement noises with covariance matrices 

𝑄𝑤  and 𝑅𝑣, respectively. 
The prediction stage is given by Bouzoualegh, et al. [8]  

                          𝑋̂𝑘∣𝑘−1 = 𝑓𝑑(𝑋̂𝑘−1∣𝑘−1, 𝑢𝑘−1)                                                                   (14) 

                                                                                  𝑃𝑘∣𝑘−1 = 𝐴𝑘𝑃𝑘−1∣𝑘−1𝐴𝑘
𝑇 + 𝑄𝑤  

 
where 

                                                                        𝐴𝑘 =
∂𝑓𝑑(𝑋,𝑢)

∂𝑋
∣𝑋̂𝑘−1∣𝑘−1

 

 
is the Jacobian matrix of the nonlinear dynamics. 
The innovation vector is computed as 

              𝑟𝑘 = 𝑌𝑘 − ℎ(𝑋̂𝑘∣𝑘−1)                                                                                  (15) 
 
and the Kalman gain is obtained from Bouzoualegh, et al. [8]  

                     𝐾𝑘 = 𝑃𝑘∣𝑘−1𝐻𝑘
𝑇(𝐻𝑘𝑃𝑘∣𝑘−1𝐻𝑘

𝑇+𝑅𝑣)
−1

                                                             (16) 
  
where 

                                                             𝐻𝑘 =
∂ℎ(𝑋)

∂𝑋
∣𝑋̂𝑘∣𝑘−1

 

 
is the measurement Jacobian matrix. 
The corrected state estimate is then computed as Pete and Deosarkar [20] and Wei, et al. [21]  

                      𝑋̂𝑘∣𝑘 = 𝑋̂𝑘∣𝑘−1 + 𝐾𝑘𝑟𝑘                                                                              (17) 
 
with covariance update 

              𝑃𝑘∣𝑘 = (𝐼 − 𝐾𝑘𝐻𝑘)𝑃𝑘∣𝑘−1                                                                              (18) 
 

The estimated state vector 𝑋̂𝑘∣𝑘 is subsequently supplied to the NMPC controller and used as the 
initial condition for predicting future states [20]. 

 
3.5. Online Control Implementation 

At each sampling instant, the NMPC optimization problem is solved online using a Sequential 
Quadratic Programming (SQP) algorithm. SQP is particularly suitable for constrained nonlinear 
optimization because it transforms the original nonlinear problem into a sequence of quadratic 
subproblems that can be solved efficiently [11, 12]. 
The online control procedure can be summarized as follows [22, 23]: 

1. Measure cart position 𝑝 and pendulum angle 𝜃.  
2. Estimate the complete state vector using the EKF.  
3. Predict future system behavior over the prediction horizon.  
4. Solve the constrained NMPC optimization problem using SQP.  
5. Apply the first optimal control action to the cart.  
6. Shift the prediction horizon forward and repeat the procedure at the next sampling instant.  

The resulting NMPC framework combines nonlinear prediction, state estimation, and constrained 
optimization to achieve accurate tracking, effective pendulum stabilization, and robust disturbance 
rejection. 
 
 
 



298 

 

 

Edelweiss Applied Science and Technology 
ISSN: 2576-8484   

Vol. 10, No. 9: 290-304, 2026 
DOI: 10.55214/2576-8484.v10i9.13602 
© 2026 by the authors; licensee Learning Gate 

 

4. Results and Discussion   
The performance of the proposed NMPC controller is evaluated and compared with that of the 

conventional LQR controller under two nonlinear benchmark scenarios of increasing difficulty. Both 
controllers are tested using the uncertain nonlinear plant model and identical disturbance conditions to 
ensure a fair comparison. The first scenario, referred to as the Moderately Nonlinear Benchmark, 

considers an initial pendulum deviation of 35∘ and a disturbance amplitude of 5 N. The second scenario, 

denoted as the Severely Nonlinear Benchmark, increases the initial angular deviation to 38∘ and the 
disturbance amplitude to 7 N, thereby intensifying the nonlinear effects and control challenge. The 
corresponding simulation conditions and uncertain model parameters are summarized in Tables 1 and 2 
[24]. 

The NMPC controller employed a sampling period of 𝑇𝑠 = 0.05s and a prediction horizon of 𝑁𝑝 =

15. At each control update, the constrained optimization problem was solved online using SQP. 
 
Table 1.  
Benchmark scenarios used for LQR and NMPC performance evaluation. 

Parameter Moderately Nonlinear Benchmark Severely Nonlinear Benchmark 

Initial cart position 𝒑(𝟎) 0 m 0 m 

Initial cart velocity  𝒑̇(𝟎) 0 m/s 0 m/s 

Initial pendulum angle 𝜽(𝟎) 35∘ 38∘ 

Initial angular velocity 𝜽̇(𝟎) 0 rad/s 0 rad/s 

Control force limit ±7N ±7N 

Disturbance amplitude 5 N 7 N 
Disturbance start time 3.5 s 3.5 s 

Disturbance end time 4.5 s 4.5 s 
Plant model Uncertain nonlinear model Uncertain nonlinear model 

 
Table 2.  
Nominal and uncertain model parameters. 

Parameter Description Nominal Model Uncertain Model 

𝑴 Cart mass (kg) 0.50 0.40 

𝒎 Pendulum mass (kg) 0.30 0.40 

𝒍 Pendulum length (m) 0.50 0.40 

𝒃 Viscous friction coefficient (N·s/m) 0.10 0.05 

𝒈 Gravitational acceleration (m/s²) 9.81 9.81 

 
The simulation results presented in the following subsections compare the transient response, 

stabilization capability, disturbance rejection, and control effort of both controllers under moderate and 
severe nonlinear operating conditions. This comparative analysis highlights the advantages and 
limitations of NMPC relative to the classical LQR approach when the system is subjected to significant 
nonlinearities, parameter uncertainties, and external disturbances. 

. 
4.1. Moderately Nonlinear Benchmark 

Figures 5 and 6 show that both controllers exhibit similar cart-position and cart-velocity responses, 
although the NMPC controller produces a slightly smaller cart excursion and faster recovery following 
the disturbance. Likewise, the pendulum-angle and angular-velocity responses shown in Figures 7 and 8 
remain well bounded for both controllers, with only minor differences during the transient phase. The 
control efforts depicted in Figure 9 are also comparable, indicating that the performance improvements 
achieved by NMPC are obtained without a significant increase in actuator demand. 

The quantitative results reported in Table 3 confirm these observations. Compared with LQR, the 
NMPC controller reduces the maximum cart displacement by 12.08%, the RMS cart displacement by 
4.40%, and the settling time by 14.34%. In addition, the tracking performance, measured by the 
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ITAE𝜃 index, is improved by 31.98%, indicating faster attenuation of the angular deviation. However, 
the RMS pendulum angle remains nearly identical for both controllers, with a slight advantage in favor 
of LQR (2.10%). Overall, the results indicate that, under moderately nonlinear operating conditions, 
both controllers provide satisfactory stabilization performance, while NMPC achieves modest 
improvements in transient response and disturbance rejection. 

 

 
Figure 5. 
Cart position. 

 

 
Figure 6. 
Cart velocity. 
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Figure 7.  
Rod angular position. 

 

 
Figure 8.  
Rod angular velocity. 

 

 
Figure 9.  
Control effort. 

4.2. Severely Nonlinear Benchmark 
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A substantial difference in behavior can be observed between the two control strategies. As shown 
in Figures 10 and 11, the NMPC controller successfully maintains the cart position and velocity within 
acceptable bounds throughout the simulation. In contrast, the LQR controller loses its ability to 
stabilize the system after approximately 4.5 s, leading to a rapid divergence of the cart position and 
velocity. Similar observations can be made in Figures 12 and 13, where the pendulum angle and angular 
velocity remain bounded under NMPC control, whereas the LQR response exhibits growing oscillations 
and ultimately becomes unstable. The control inputs depicted in Figure 14 further indicate that the 
instability is not caused by excessive actuator demand, but rather by the inability of the linearized LQR 
design to cope with the strong nonlinear dynamics and uncertainty levels encountered in this scenario. 

 

 
Figure 10. 
Cart position. 

 

 
Figure 11. 
Cart velocity. 
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Figure 12.  
Rod angular position. 

 

 
Figure 13.  
Rod angular velocity. 

 

 
Figure 14.  
Control effort. 
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The quantitative results reported in Table 4 corroborate the visual observations. Relative to LQR, 
the NMPC controller reduces the RMS pendulum angle by 94.48%, the maximum angular deviation by 
88.42%, the RMS cart displacement by 99.15%, and the maximum cart displacement by 99.08%. 
Moreover, significant reductions are achieved for the control-related performance indices, including 

96.62% for IAE𝜃 and 99.40% for ITAE𝜃. Most importantly, the NMPC-controlled system remains stable 
with a settling time of 4.745 s, whereas the LQR-controlled system becomes unstable; therefore, no 
meaningful settling time can be defined. 

These results clearly demonstrate that the proposed NMPC controller preserves closed-loop 
stability and maintains satisfactory performance, even when the system operates far from the 
equilibrium region. Conversely, the LQR controller, which is designed from a local linear 
approximation, exhibits a limited operating range and fails when confronted with severe nonlinearities, 
large disturbances, and model uncertainties. Consequently, the advantages of NMPC become 
particularly evident under demanding operating conditions, where accurate nonlinear prediction and 
constraint handling are essential. 
 

5. Conclusion  
This paper presented a nonlinear model predictive control (NMPC) strategy for stabilizing an 

inverted pendulum on a cart under disturbances and model uncertainties. The controller was evaluated 
using moderately and severely nonlinear benchmark scenarios and compared with a conventional linear 
quadratic regulator (LQR) controller. 

Simulation results showed that both controllers achieved satisfactory performance under moderate 
nonlinear conditions. However, under severe nonlinearities and disturbances, the LQR controller 
became unstable, whereas the NMPC controller successfully maintained pendulum stabilization and 
cart-position regulation. These results demonstrate the superior robustness and disturbance-rejection 
capability of NMPC when the system operates far from equilibrium. 

Future work will focus on reducing the computational complexity of the NMPC algorithm while 
preserving its control performance for faster real-time applications. 
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