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Abstract: We study the ellipticity of high-order harmonics emitted from CO2 molecule driven by 
linearly polarized laser fields using numerical simulations within the time-dependent density functional 
theory. We find that the overall ellipticity of the harmonics is small, which is in agreement with 
experimen- tal data. On the other hand, our analysis of the numerical results indicates that several 
valence orbitals contribute significantly to the harmonic emission and some of these contributions show 
a strong ellipticity of the harmonics. The small ellipticity in the total harmonics signal arises from a 
combination of factors, namely, the fact that harmonic emission from different orbitals is strongest at 
different alignment angles of the molecular axis with respect to the laser polarization direction, as well 
as interference effects and a strong laser coupling between several inner valence orbitals. 

Keywords: CO2, Harmonic emission, Multiorbita. 
 
1. Introduction  

Ultrafast intense laser pulses can be a powerful tool for controlling and studying atomic and 
molecular structure and dynamics. For example, manipulation of the electron dynamics in a molecule 
can be achieved by controlling the properties of the molecular wavepackets [1]. In the case of probing 
performed by ultrashort laser pulses one of the advantages is that one does not have to consider the 
effect of the modifications of the potential energy surface (PES) topology by an electric field of the laser 
pulse. Ultrashort pulses allow for focusing studies on the ultrafast electron dynamics without adding the 
complexity of modification of the nuclear dynamics and consideration of laser-induced changes of the 
reaction even for high-intensity laser pulses. In particular, few femtosecond FWHM laser pulses allow 
for studies of ultrafast effects related directly to electron rearrangement during chemical reactions [2], 
detailed studies of electron excitations [3], and monitoring of ionization [2, 4, 5], all while the 
modification of the PES during laser- molecule interaction can be neglected due to the difference in the 
timescales between the dynamics of electrons and nuclei. 

Among intense laser field induced processes one prominent example is High-order harmonic 
generation (HHG), one of the highly nonlinear, nonperturbative processes [6, 7]. It results from the 
distortion of the electron density in the presence of the strong electromagnetic field of the laser and the 
power spectrum of the emitted harmonic radiation corresponds to the Fourier transform of the electron 
dipole acceleration. The intensity spectra of the emitted high harmonics show some general 
characteristic features, such as a fast decrease of the signal over the first few harmonics followed by a 
region with fairly constant plateau harmonic intensities ending by a sharp cutoff, beyond which the 
harmonic intensity drops quickly. 

Over the past few decades HHG has been an active area of research since it provides a source for 
coherent short-wavelength light, extending into the soft-X-ray regime [8], and for ultrashort laser 
pulses and waveforms in the attosecond [9, 10]. Furthermore, it has been shown that HHG spectra 
contain information about the atomic and electronic structure of the target (e.g., [11–16]), ultrafast 
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molecular and intra-molecular electron dynamics (e.g., [17–20]) as well as time resolution of chemical 
processes (e.g., [21]). 

Basic intuitive picture of HHG is provided by the semiclassical three-step model [22–24], according 
to which an electron tunnels through the barrier created by the laser field and the Coulomb field into 
the continuum, is accelerated by the electric field of the laser first away from and then back to the parent 
ion. Upon return it recombines, emitting excess energy in the form of high-order harmonic radiation. 
Since the process occurs every half cycle of the driving laser field, an attosecond pulse train is produced. 
In recent years, it has been shown that, in particular for high-order harmonic generation from 
molecules, the generated harmonic spectra incorporate more features than predicted by the basic three-
step single-active-electron model. One example are polarimetry measurements of high-order harmonic 
emission from aligned diatomic and linear triatomic molecules driven by linearly polarized laser fields. 
Surprisingly, strong elliptically polarized harmonics were observed for N2 [25, 26], while in contrast 
CO2 exhibited a much lower ellipticity in the harmonic emission [25]. Structural effects [27–31], such 
as the symmetry of the Highest Occupied Molecular Orbital (HOMO) as well as interference effects, and 
ultrafast multielectron dynamics involving lower-lying orbitals in the molecule [32] or in the molecular 
ion [26] have been put forward as potential origins for the observed ellipticity. 

In this article we focus on the role of multielectron and multiorbital effects in the neutral CO2 
molecule on the polarization state of high-order harmonics. We have shown previously [32], that 
results based on the time-dependent density functional theory (TDDFT) are in excellent agreement 
with the experimental data for N2 [25, 26], if con- tributions from at least three Kohn-Sham orbitals are 
taken into account. Similar strong influence of inner shell contributions has been observed and predicted 
for other strong-field processes as well [33–42]. 

Our results of numerical TDDFT simulations show that indeed the contributions from several 
valence orbitals contribute to the higher-order harmonic emission from CO2. Moreover, we find that the 
emission from each of the orbitals is elliptically polarized. However, our results for the total high-order 
harmonic spectrum, which includes the contributions of up to six orbitals, surprisingly shows, in 
agreement with the experimental data [25], almost no ellipticity. Thus, despite the fact that high-order 
harmonic generation from CO2 appears to be a multielectron process with several orbitals actively 
involved, signatures in the ellipticity of the harmonic emission from the different orbitals fade away in 
the total signal. 

The article is organized as follows: In the next section we briefly outline the basics of the time-
dependent density functional approach used for our numerical simulations. We then discuss the 
application to calculations of the ellipticity of high-order harmonic generation of molecules, including 
the proper account of the distribution of alignment in the molecular ensemble. Next, we compare the 
results of our calculations with the experimental data and analyze the contributions from the different 
valence orbitals to the total harmonic spectra. We end with a brief summary of our results. 
 

2. Theory 
In the nonperturbative intensity regime the theoretical study of the interaction of multielectron 

targets, e.g. molecules, with ultrashort laser pulses is challenging. An approximative approach to 
analyze multielectron and multiorbital effects in strong-field processes utilizes the framework of the 
time-dependent density functional theory (TDDFT). In this section we outline the application of 
TDDFT to the calculation of high-harmonic generation in molecules, focusing in particular on the 
evaluation of the ellipticity of the radiation in an ensemble of aligned molecules. 
 
2.1. TDDFT for Strong-Field Induced Molecular Processes 

The TDDFT approach is based on the one-to-one correspondence between the time-dependent 

electron density ρ(r, t) and the time-dependent potential in multielectron Schrödinger equation [43]. 
The density is calculated from the time-dependent multielectron Schrödinger equation expressed as 
system of auxiliary time-dependent noninteracting single-electron Kohn-Sham equations: 
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𝜙𝑘(𝑟, 𝑡) = [

−𝛻2

2
+ 𝑉𝐾𝑆(𝑟, 𝑡)]𝜙𝑘(𝑟, 𝑡) 

(1) 

with 
 

𝜌(𝑟, 𝑡) = ∑𝑓𝑘|𝜙𝑘(𝑟, 𝑡)|
2

𝑛

𝑘=1

 
(2) 

Where r is the electronic coordinate, fk is the electron population in the k-th Kohn-Sham orbital 

𝜙𝑘(𝑟, 𝑡) and n is the number of orbitals. For a molecule interacting with a time-dependent intense laser 
field the Kohn-Sham potential 
 

𝑉𝐾𝑆(𝑟, 𝑡) = 𝑉𝑒𝑥𝑡(𝑟, 𝑡) + ∫
𝜌(𝑟′, 𝑡)

|𝑟 − 𝑟′|
𝑑𝑟′ + 𝑉𝑥𝑐(𝑟) 

(3) 

Includes the external potential due to the interaction of the electron with the N nuclei in the 
molecule and with the time-dependent electric field: 
 

𝑉𝑒𝑥𝑡(𝑟, 𝑡) = ∑
−𝑍𝑖

|𝑅𝑖 − 𝑟|

𝑁

𝑖=1

+ 𝐸0(𝑡)𝑠𝑖𝑛(𝜔𝑡)∑ 𝑟𝑘 ∙

𝑛

𝑘=1

𝜖 

(4) 

 

Where Zi is the charge of the ith nucleus, 𝜖 is the polarization direction, 𝜔 and E0(t) are the angular 
frequency and the time-dependent amplitude of the laser field. In the present calculations we considered 
a sin2-shaped envelope. 

The exact form of the exchange-correlation potential Vxc, which takes account of the multielectron 
effects, is unknown. To use TDDFT for practical calculations, different approaches have been proposed 
to design density functionals for the exchange-correlation energy (for an overview, see e.g., [44]). For 
the present calculations, we have performed systematic studies with various functionals and found that 
functionals based on the local density approximation (LDA), 
 𝐸𝑥𝑐

𝐿𝐷𝐴[𝜌] = ∫𝜌(𝑟)𝑉𝑥𝑐(𝑟)𝑑𝑟, (5) 

 
Provide, in general, good results. An improvement is to take into account the correct asymptotic 

behavior (1/r), which can be done, for example, via the exchange-correlation potential proposed by van 
Leeuwen and Baerends [45], 
 
 
 𝑉𝑥𝑐

𝐿𝐵(𝛼, 𝛽; 𝑟) = 𝛼𝑉𝑥
𝐿𝐷𝐴(𝑟) + 𝛽𝑉𝑐

𝐿𝐷𝐴(𝑟) −
𝛽𝑥2(𝑟)𝜌1 3⁄ (𝑟)

1 + 3𝛽𝑥(𝑟)𝑙𝑛[𝑥2(𝑟) + (𝑥2(𝑟) + 1)1 2⁄ ]
 

(6) 

 

Where 𝑉𝑥
𝐿𝐷𝐴and 𝑉𝑐

𝐿𝐷𝐴are the LDA exchange and correlation potentials and 𝑥(𝑟) =

|𝛻𝜌(𝑟)| [𝜌(𝑟)]4 3⁄⁄ . α and β are parameters obtained by fit to the exact exchange-correlation function of 
a certain atomic or molecular system. A similar TDDFT approach for the interaction of molecules with 
strong fields has been used recently by Chu and co-workers [46, 47]. 

In order to solve the Kohn-Sham equations, Eq. (1), we have discretized the wavefunction in space 
and time with uniform step ∆x = 0.03 a.u. and ∆t = 0.03 a.u., which converts the ansatz into a matrix 
equation using the Octopus code [48, 49]. The initial wavefunctions for the molecules considered in our 
study have been obtained by solving the eigenvalue problem self-consistently using an initial guess and 
geometry optimized using Octopus code as well (this ensures consistency and minimizes risk for errors). 
The wavefunction for each orbital is propagated forward in time using the enforced time-reversal 
symmetry method. We used grids that extend over 120 a.u. in polarization direction and 36 a.u. in the 
transverse directions. To suppress reflection of the wavefunctions at the boundary of the grid an 
imaginary absorbing potential has been applied. 
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2.2. High-Order Harmonic Generation from Aligned Molecules 
High-order harmonic generation is determined through the Fourier transform of the laser induced 

dipole moment in the target. Within the TDDFT formalism, the laser induced dipole moment is given 
by: 
 

𝑑𝑡𝑜𝑡 = ∑𝑑𝑘

𝑛

𝑘=1

, 
(7) 

 

where 𝑑𝑘 is the contribution to the dipole moment from the kth Kohn-Sham orbital? 
 𝑑𝑘 = ⟨𝜙𝑘(𝑟, 𝑡)|𝑟|𝜙𝑘(𝑟, 𝑡)⟩ (8) 
 

The HHG spectrum is then found using the Fourier transform of the dipole moment, 𝑑(𝜔): 
 

𝑃(𝜔) =
𝜔4

12𝜋𝜖0𝑐
3
𝑑(𝜔) ∙ 𝑑 (𝜔) 

(9) 

 

For the molecules studied below, the laser induced dipole moment has two components, parallel (𝑑∥) 
and perpendicular (𝑑⊥) with respect to the direction of the electric field of the driving laser. The 
ellipticity of a given harmonic is then determined by: 
 

휀 = √
1 + 𝑟2 −√1 + 2𝑟2𝑐𝑜𝑠(2𝛿) + 𝑟4

1 + 𝑟2 +√1 + 2𝑟2𝑐𝑜𝑠(2𝛿) + 𝑟4
 

(10) 

 
Where 
 

𝑟 =
|𝑑⊥(𝜔)|

|𝑑∥(𝜔)|
 

(11) 

 
is the amplitude ratio and? 
 𝛿 = 𝑎𝑟𝑔[𝑑⊥(𝜔)] − 𝑎𝑟𝑔[𝑑∥(𝜔)] (12) 

 
Is the relative phase between the two components. Maximum ellipticity, i.e. circular polarization, 

occurs for r = 1 and δ = π. 
In the experimental observations of the ellipticity in high-order harmonic generation of linear 

molecules, the molecules are often aligned by a pump laser pulse. The distribution of the alignment, 

achieved in the experiments, is typically measured via ⟨cos2(θ)⟩, where θ is the angle between the 
polarization direction of the pump laser and the internuclear axis of the molecule (see Fig. 1). In our 
simulations we have accounted for the experimental alignment of molecular ensemble by solving the 
Kohn-Sham equations for different alignment angles. For each angle, we obtained the parallel and 
perpendicular components of the dipole moment and then averaged them using the reported alignment 
distributions. 
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Figure 1. 
Configuration of pump (Aligning) pulse in the y-z plane, probe (Driver) pulse 

along the 𝑥-direction and molecular axis. 

 

3. Results 
In this section we present our results for the polarization and ellipticity of high-order harmonics 

from molecules H+, H2, and CO2. The data for the different molecules provide us with the opportunity to 
compare our results with those from other theoretical analysis (for the one-electron system H2

+) and 
demonstrate how multielectron effects and 
inner valence shell contributions influence the harmonics’ ellipticity for the larger molecules. 
 
3.1. Harmonic Generation from H+ and H2 

In order to test our numerical calculations, we first present results for the one-electron system H+. 
In Fig. 2 we show results for the amplitudes (upper panel) and the phase difference (lower panel) for the 
57th harmonics emitted from H+ as a function of the alignment angle between the molecular axis and 
the polarization direction of a driving laser pulse at 800 nm and 3×1014 W/cm2 with a pulse duration of 
30 fs. The laser parameters are chosen to be the same as in a recent work by Son et al. [31], who 
studied the ellipticity of high-order harmonic generation from H+ using the time-dependent generalized 
pseudospectral method. Our results are in good agreement with those previously reported for the 
overall shape of the components with a minimum at about 50o for the parallel component and a phase 
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jump at the same alignment angle. It has been shown before [29–31], that these characteristic features 
are related to the two-center interference effect occurring in the parallel component. 

In order to get an impression of the influence of multielectron effects on the ellipticity of high-order 
harmonics, we compare results for H+ (Fig. 3, (a-c)) and H2 (Fig. 3, (d-f)) obtained at the same set of 
laser parameters (800 nm, 3×1014 W/cm2). In each case we present theoretical predictions for four 
consecutive odd harmonics. For the single-electron molecule we observe, in agreement with our results 
in Fig. 2, a maximum close to 1 in the ratio of the amplitude in parallel and perpendicular direction (a), a 
rapid change in the phase difference (b) and correspondingly a maximum in the ellipticity (c) around the 
alignment angle, at which the interference minimum in the specific harmonic occurs. For H2, one would 
expect a similar pattern for the amplitude and the phase difference, since both electrons are in the same 
molecular orbital as in the case of H+. Indeed, some features in the overall trend of the results in Fig. 3 
are similar, in particular we still note a maximum amplitude ratio (d) and a quick phase change (e) at 
about the same angles as for H+. However, for the ratio we observe a much narrower structure and for 
the lowest harmonic a second maximum. On the other hand, the data for the phase difference are not as 
smooth as those for the single-electron molecule. As a result, we observe a much more complex pattern 
for the ellipticity of the harmonics generated from H2 (f), although some maxima in the structures still 
occur near the alignment angle for the interference minimum. 

 

 
Figure 2. 
Amplitudes of parallel and perpendicular components (a) and 
phase difference (b) of 57th harmonic order of H+ as a function of 
the alignment angle. Laser parameters: 800 nm, 3×1014 W/cm2 
and 30 fs. 



1178 

 

 

Edelweiss Applied Science and Technology 
ISSN: 2576-8484 

Vol. 8, No. 6: 1172-1185, 2024 
DOI: 10.55214/25768484.v8i6.2220 
© 2024 by the authors; licensee Learning Gate 

 

Thus, the comparison for the simplest molecules indicates that the ellipticity of high-order 
harmonics can be strongly influenced by multielectron effects. For larger molecules we may therefore 
expect even more complex features in the overall ellipticity patterns, since interferences from orbitals 
with different symmetry as well as coupling between different orbitals [32, 41] may play additional 
role. 
 
3.2. Harmonic Generation from CO2 

Next, we analyze the results of our calculations for the ellipticity in the harmonic generation from 
the more complex but linear triatomic molecule CO2, which has been also studied experimentally [25]. 
In order to compare with the experimental data, we have obtained the intensity ratio of the 
perpendicular to parallel component of the harmonic emission as a function of the angle between the 
pump and probe laser pulse. For each orientation angle considered, we have taken into account the 
experimentally reported alignment distribution by performing an average over the simulation results 
for the respective alignment angles in the distribution. Our results in Fig. 4 show a rather small 
intensity ratio and, hence, relatively small ellipticity with a maximum at about a relative angle of about 
60o between polarization direction of pump and probe pulse for each of the harmonics studied 
experimentally. The absolute values as well as the position of the maxima are in very good agreement 
with the observations by Zhao et al. [25]. The observed and calculated rather weak perpendicular 
component of the harmonics in CO2 is in contrast to results for N2, for which both experiment [25, 26] 
and TDDFT [32] as well as other calculations [26, 29, 31] show a strong ellipticity for the emitted 
harmonics at certain alignment angles. 

Part of the explanation for the weak ellipticity is due to the ensemble angle average effect, which 
reduces the overall ellipticity, as observed before in N2 [32]. The effect can be seen from the comparison 
of the harmonics ellipticity as a function of the alignment angle without (a) and with (b) average in Fig. 
5. It is clearly seen that, in particular for the lower-order harmonics (below 15th harmonics), without 
averaging there is a strong ellipticity for certain alignment angles which disappears after alignment 
average is taken into account. In contrast, for the experimentally reported data in the range of 17th to 
23rd harmonics the averaging process does have a smaller effect only. 

In this latter range of harmonics from CO2 the main origin for the weak ellipticity is actually the 
role of multielectron effects involving contributions from several orbitals. In order to analyze these 
contributions, we compare in Fig. 6 the ellipticity of the harmonic response from the HOMO only (a) 
with those when adding subsequently the contributions from the inner valence orbitals up to HOMO-5 
(f). The comparison shows that the ellipticity of high-order harmonics from CO2 is influenced by the six 
valence orbitals considered. While the ellipticity of 17th to 23rd harmonics generated from the HOMO 
is rather large for certain alignments angles, the ellipticity gradually gets weaker as more contributions 
are added. In contrast, for harmonics around the cutoff there remains a strong ellipticity at some 
alignment angles. 
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Figure 3. 

Comparison of amplitude ratio r (a, d), phase difference δ (b, e), and ellipticity (c, f) of 
high order harmonics from H+ (a-c) and H2 (d-f) as a function of the alignment angle: 
27th (Solid lines), 29th (Dashed lines), 31st (dashed-dotted lines), and 33th harmonic 
(dotted lines). Laser parameters as in Figure 2. 

 
The ellipticity of higher-order harmonics at certain alignment angles from the HOMO (3πg) can be 

understood based on the two-center interference effect, similar as in the case of H+ and H2 above. The 
importance of such orbital structure effect for the harmonic generation from the HOMO of CO2 has 
been pointed out before [29]. The strong contributions from the inner valence orbitals originate on a 

variety of effects. Both, HOMO-1 (2σu) and HOMO-2 (1πu) have a different orbital symmetry than the 
HOMO of CO2. Therefore, ionization and, hence, harmonic generation, from HOMO is suppressed due 
to destructive interference at alignment angles of 0o and 90o while it is 

Figure 4. TDDFT results for the intensity ratio of perpendicular to parallel component of four 
consecutive harmonics in CO2 as a function of the angle between the pump and the 30-fs probe laser 
pulse at 800 nm and 1.5 × 1014 W/cm2: 17th (red line), 19th (blue line), 21st (green line) and 23rd 
harmonic (black line). For each angle, the experimental reported alignment distribution [25] was 
considered in the calculations. 
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Figure 5. 
Comparison of results for the ellipticity of high-order harmonics as a function of alignment angle for CO2: 
without (a) and with averaging (b). Laser parameters as in Figure 4. 

 
At maximum around 45o [50]. In contrast, the ionization rate is largest at 0o for HOMO-1 and 90o 

for HOMO-2. Consequently, high-order harmonic generation from these two orbitals contributes 
strongly close to alignment angles at which the signal from the HOMO is weakest, despite the fact that 
the ionization potential for the inner valence 
orbitals is smaller than that of the HOMO. 

When we include in the calculations the experimentally reported alignment distribution and 
performed rotational averaging over the simulation results for the respective alignment angles in the 
distribution one can see in Fig. 7 that the overall changes in the ellipticities of harmonics when adding 
subsequent contributions from orbitals are rather small. Each subsequent partial orbital contribution 
leads to effects of destructive interference, which after comparing to Fig. 6 seems to be even more 
enhanced by rotational averaging. After adding subsequent orbitals to the contributions of the first 3, as 
can be seen in Figs. 7 (d)-(f), the rotationally averaged HHG ellipticities are very small and remain 
small, while only very little changes can be seen when considering modifications due to contributions 
from deeper lying orbitals. 

Regarding the contributions form the deeper lying inner valence orbitals, we have found that these 
are either strongly coupled to one of the higher lying states or among each other by the driving field. In 
the case of the HOMO- 
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Figure 6.  
Ellipticity of high-order harmonics as a function of alignment angle for CO2.  Starting 
with the results from HOMO only (a): (1πg)4, contributions from inner valence orbitals 

are added subsequently in the other panels: (b) (3σu)2(1πg)4, (c) (1πu)4(3σu)2(1πg)4, (d) 

(4σg)2(1πu)4(3σu)2(1πg)4, (e) (2σu)2(4σg)2(1πu)4(3σu)2(1πg)4, (f) 

(3σg)2(2σu)2(4σg)2(1πu)4(3σu)2(1πg)4. Laser parameters as in Figure 4. 
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Figure 7. 
Results after rotational averaging. The rest of the notation and parameters as in Figure 6. 
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Figure 8. 

Projection of coupled inner valence orbitals (a) HOMO-3 (4σg) to HOMO-1 

(3πu) (a) and (b) HOMO-5 (3σg ) to HOMO-4 (2πu) (b) for an alignment 
angle of 20o. Laser parameters as in Figure 4. 

 

3 State (2σg), the projection onto the HOMO-1 state is shown in Fig. 8(a). We observe a strong 
coupling driven by the field although the frequency is non-resonant. This explains the significant 
change in the ellipticity pattern upon inclusion of the HOMO-3 state (Fig. 6(d)). Finally, HOMO-4 and 
HOMO-5 states slightly contribute to the 17th to 23rd harmonic generation at the given parameters 
and, hence, to the ellipticity pattern, since these two orbitals are coupled with each other, leading to a 
population transfer of about 40% (see Figure 8(b)). 
 
3.4. Summary 

To summarize, our results obtained within the time-dependent density functional theory indicate 
that high-order harmonic generation from CO2 is influenced by multielectron effects with contributions 
from a significant number of inner-valence orbitals, besides the contribution from the HOMO. The 
harmonic emission from these orbitals is strongest at different alignment angles due to interference 
effects arising from the specific orbital structures and there is a strong laser driven coupling between 
certain orbitals. As a result, the overall ellipticity of the higher-order harmonics is rather small, except 
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for the cutoff harmonics. The partial alignment and the related averaging of the results for different 
orientation angles further diminishes the ellipticity. 
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