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Abstract: In this study, we examine the interaction between Steenrod operations and dihedral
homology within the framework of A-infinity algebras, aiming to understand how these operations,
initial in algebraic topology, contribute to homological invariants and influence dihedral homology
structures. We begin by exploring the initial properties of A-infinity algebras as generalizations of
associative algebras, focusing on their volume to support Steenrod operations. From there, we delve into
the effects of these operations within dihedral homology, uncovering their role in revealing deeper
algebraic structures and improving our understanding of homology theories. We also analyze the
connections between Steenrod operations and projective varieties over finite fields, emphasizing their
actions in derived categories and their significance in the context of a-characteristic fields. By defining
Steenrod operators within dihedral homology, we explain the complex relationships between these
algebraic structures and operations derived from homology theory. Through specific examples and
theoretical models, we demonstrate how these interactions advance our understanding of homological
invariants and provide valuable tools and perspectives for the broader fields of algebraic topology and
homological algebra.
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1. Introduction

The Steenrod operations were at first presented in the algebraic topology over the late 1930s. This
operation was performed on the topological spaces' modulo @ homology.

These operations have used to verify a number of conclusions in the algebraic topology. Later, they
were employed in new ways, for as when discussing the Sullivan conjecture or the Adams spectral
sequence. The operations were soon used to the study of projective homogeneous types in algebraic
geometry. Although Steenrod operations moduloa, which operate over fields of characteristic &, do not
yet exist, this is due to a number of factors. As consequence, given specific values of a characteristic of
the basic field, a number of significant concerns surrounding projective homogeneous varieties remain
unanswered. For example, some of the most complex quadratic form theorems are undefined when the
base domain of characteristic is two.

The Steenrod operations constructions aimed at Chow groups modulo the major number «
designated in ([17, [27). Like Steenrod's initial construction, they all include taking into the action how
a cyclic group of order a affects the result of @ replicas of a particular scheme. Specifically on a square
of the particular projective homogeneous variation, the Steenrod operations are employed as a means of
generating new algebraic cycles and offering motives decomposition of this variation. According to the
Rost nilpotence theorem, the identical conclusion obtained using merely reduced Steenrod operations.
Algebraic topology generally aims to offer algebraic techniques to extricate topological spaces. One
such diagram that turns out to be very exciting is the infinity homology H.(V,A) for a space V. In this
case, we obtain an additional infinity algebras structure not immediately offered by homology groups,
and we are able to compute this algebra more easily than we can with homotopy groups.
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Furthermore, it goes out that if we select the constant Ag-algebras M to be one of infinite fields
with the form F, for a prime a, we have even additional structure. In this instance, Steenrod presented
the stable homology operations, which are natural transformations ¥:H,(—,F,) = H,(—,F,) with
specific properties that it turns out combine to produce an infinity algebra.

Without ever taking into account topological spaces, it is possible to study the Steenrod algebra, as
it is known. A further restriction on the existence and behavior of such spaces imposed by the fact that
homology operations with these abilities can be explicitly create for any topological space.

The aim of this search: Lapin in [27] has examined how generalized the Steenrod operations can be
constructed in relations of multiplicative spectral sequences. J.M. Lopez [37]. Burghelea [47] has been
use to study Adams operations in the Hochschild and cyclic homologies of the de-Rham algebras and
allowed loop spaces.

We study Adams operations on the Ay -algebras by the rational coefficients are developed and
proved to descend to the universal relating to their group law oriented cohomology theories. We

introduce and study some basic statement of the dihedral homology theory of A-algebras and we
define Adams and Steenrod operators in algebras. The main study of this paper is the form of the

Adam's and Steenrod's of the dihedral homology of an Ag-algebras. We introduce the Steenrod
operator in dihedral homology on A -algebras.

2. The Dihedral Homology of A ,-algebras

A-algebras is one of several branches of algebras, and it has certain unique properties. It is
described as a graded algebra with graded maps, which satisfies some conditions. Stasheff introduced
infinity algebras in the 1960's and provides the properties of topological algebras. Its homological
theory was also studied in (2013) by Alaa. H.,, Y. Gouda. In view of this, we will show some previous

studies of some definitions, theorems and algebraic properties of A-algebras and its homological
properties, by using the references: [57], [67] and [7].

2.1 Definition [8]

By considering a differential module (C,§) such as §:C,, > Cj,_1, then we can define a simplicial
taces as 0,:C, > C,_1,0 <1 <n, where 0,0; = 0;_10,, t <}J, additionally d, refers to be the (C,48)-
simplicial faces. Let the permutation ¢ of a symmetrical group 2, of g-elements of permutations, in
which its components are (o (11),..,0 (1;)) that operates on (1y, ..., 15) where 1; <+ <1,4, then
(O"(-Z), s 0@)) write as:

g () =0 @) —v(o (), 1<k<g,
while, y (0 (14)) is a number of (6 (11), ..., 0 (14), ..., 0 (15)).
As of right now, the differential module (C, §) with the family map:

Jd = 6(11“"’%):6’;, 7 Cpgp1=qg=p, 0513 < <1<P, ly,..,1lg €EZ, can be used to define the
Fp-module (C, §, 0), which satisty that:
— —_1)1+sign(o)y, . __ _

0 (a(‘l'---'%)) - 2‘7624 2y, (=1)7e a(‘f (1),0 (le))a(d (e1)n0 (lq,)). ()
Since I indicates the permutations of (¢ (11), ..., & (1)) such as:
o (1) f <o) <o () < <o (14).
Then, 0 = a(hwl%) is the F,-differential of (C, §) is the co-simplicial of faces of F,-module.
Therefore, let g = 1, then 5(6(11)) =0,1 =0,
letq = 2, then: 8(0(1,1,)) = 0,-1)90) ~ d)0(izy 11 <tz
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let g = 3, then:
6(6(11-12-13)) = _6(11)6(12'13) - a(11'12)6(13) - 6(13—2)6(11112) - 6(12—1;13—1)6(11) + 6(12—1)6(11’13)
+ 6(11'13_1)6(12), 1y <l <ls,
We can define a module of cyclic differential (C, §,%) by using define of differential module (C, §) and
— . p+1 _ —
themapt = {£,:C, = C,}, Vp 20, £, =l¢ , 6t, = 1,8.
Similarly, we can get a module of dihedral differential (C, §, £, 7) by define the map:
v ={ry:C,>C,}, Vp=0, 17 = Ie,,,
Then we have:
— -1 —
Tty =1, 1y 67, =1,0.

For the cyclic and the dihedral modules, we have:

altﬁ = p—laz—p 0<i1<p
Ootp = 0p, 01 =1p-10,-1, 0<i1<p.

Then, the DF ,-module (C, 6, %, 7, 5) can be identified as the dihedral module, such that it is through
oo-simplicial of faces, subsequently (C, 8, £, #") denotes a module of dihedral differential and fulfils that:

d t. — tﬂ’_‘lva(ll—l,...,lq’—l)' l1 >0 Y

(ta-10)"2 = (_1)4_10(12—1,...,%—1,49)' 11=0" (%)
4(g—1)

6(11,...,1%)4/}7 =D 4”;7—46(;7—1@,...,;9—11)' 1 =0. (3)

2.2 Definition [6]

Assume that M={Mp}, Vp€Z,p>0, is a unital Ag-algebra where the Aq-algebra
(M,6,¢,) be any differential module (M, 6), as §: M, - M,_;, prepared through a family of
functions {(pp:(M®(}’+2))*—>]V[*+ﬁ}, tulfilling the preceding relations for each integer p > 1,

since 8((pz,_1) =00y + (—D?¢,_16,

8(p-1) = XTI (—1)S@ By, <1 ®.®1®P, -1 Q1R ..Q 1>, (4)

s—1 g-s—1
For example, the relations (4) have the following forms:

e forp =1:then §(¢py) =0,
o forp=2: 6(¢1) = Po(po®1)—po(1Q o),
o forp=3:8(02) =Po(P1 @1+ 1R 1) —91(0o ® 18— 1 ® 9 @ 1+ 1%% ® ).

Since (M, 8, @) is the A-algebra and given by auto-morphism *: M, - M, the involutive Ao,-
algebra also can be identifying as the complex (]V[, 9, gl)p,*):Mp - Mﬂ, such as Ym € M, x (m) =
m* and the conditions are fulfilled as follows:

(m*)" =m, §(m*) = 6(m)”,
Pul0 @ 11 ® . ® 11y @ M) = (1 (s @ 1y ® .. ® 13 @ 15),
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Such that & = @ + Yo<icj<p |Mullm;|, p = 0. Therefore, a module of a dihedral differential
remains the complex (M (M), £, 7, 8), such as o = %1, also
t,(me®@.Qm,)=(-1DFfm,@m;Q@m; ® ..Q m,_,
1p(me @ ..@ my,) = o(~1)'my @ m), @ m,_; @ ... Q mj,

§(mp® ..Qm,) =Y (—1DFm;® ..Q m_; @ 6m, ® ... Q m,,

2.8. Theorem [57]
The dihedral module (DF,,-module) is defined as (4M (M), £, 7, 6), if (M, 8, ¢,,,%) seems to be the
involutive A -algebra.

2.4. Definition [67]

For the field KX of a characteristic zero, the one-dimensional vector spaces of degrees —1 and 1 with
O-differential, respectively, are denoted by the notations X¥ and Z~1. The free formalized augment
differential of the graded associative algebra denoted by V', which is produced by V and given by:

TVzHV@’f”:?CxVx(V@V)x... .
»=0
Over J3,V, we refer to the sub-algebra with element orders equal to or greater than .

2.5. Definition [7]
Suppose that (M, Q) and (V, Q") are A ,-algebras. Then the Ag-morphism of Ag—algebras are a
map f of associative algebras:
fiTa X'V = T 3T,
such that Q o f = f o Q" and f preserves the involution: f(m*) = f(m)*.

2.6. Definition [8]

If the space of derivations Der(Ts, Y, 1M™) for the Aq-algebra (M, Q), then the differential graded

vector space M is the Hochschild homology complex HH g (M, M) of M with coefficients in itself:
CHa(M, M) =¥ 'Der(To 37 M™). (5)

2.7. Definition [5]
Let (M,Q) be the involutive Ag-algebras. So the cyclic homology of A -algebras HCg (M) is a
differential graded vector space CCg (M), which is represented by:
CCa(M) = ZII21 [T M)Py, (6)
Such as, Z, is the cyclic group of order t.

2.8. Definition [9]
By considering M is Aq-algebras (M, 8, ¢,,), then the cyclic differential module (C(M),%,6) is
denoted by:

CM) ={C(M)sn},  since C(M)sy = (M@(n+2))sl vn,s >0,
ta(my ® ... @ my) = (—1)I"mllmolt-timsalyy @ my & ... @ my_y,
n

S(my ® ... Q my) = Z(—l)'”’n0 [ty @ .. @ my_q @ Smy @ Mypq @ my,
k=0
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such |m| =* means that, m € M.,. Also, suppose that the family of maps:
&' = {’g'(kl,...,ks): C(M)n,p - C(M)n—s,p+s—1}; 0<k; < <ks<nm, n,p =0,
denoted by:
(DI Qg @ 19070,
ifo<j<n-—s,(ky,... k) =0, j+1,...j+s—1)

b1y ks) = 3 (_1)q(s_1)17(0,1,...,s—1)’@?: if1<q<s,
and (ky,...,kg) =(00,1,...,s—qg—1,n—q+1,n—q+2,..,n)

\ 0 otherwise.

The quadruple (C(M),#,0,4") is the cyclic modules of oo-simplicial sides, for each A=
algebras (M, 8, ¢y,).

Also, we can define a cyclic homology HC(M) of Ag-algebra by the cyclic homology HC(C(M))
of the cyclic modules of co-simplicial sides (C(M), £, 9, ).

HE(M) = (TotC’(C’(M)),D), D =D, + D, (7)
Consequently, the cyclic homology HC(M) of Ag-algebra is the homology of the chain
complex HCE(M) = (TotC’(C(M)),D), D =D, +D,, associated with the chain

bicomplex (C (C (m )), Di,D;). Note that if an Ag-algebra is a differential associative
algebra (M, 8, ¢,) , where @ = ¢ and @, = 0, n > 0, then the chain bicomplex (C(C(M)), Dy, D,)
coincides with the Tsygan chain bicomplex for the differential associative algebra (M, &, ¢,).

2.9. Definition [[107]

For a graded vector space M be with an involution. Then the dihedral group of order 2p
symbolized by D, since D, = [r,8|r? = 82 =1, srs” 1L
actions of D, on M®? | Ym, € M.

1- The dihedral action can be described as:

T(m1 ® Mo ® ® mﬁ) = (_1)84’71'#7 ® mq ® e ® mﬁ_l ,
s(m, @m, ® ..Qm,)=(m @m;®..Qm,) .

2- The skew-dihedral action can be described as:
T(m1 ® Mo ® ® mﬁ) = (_1)84’71'#7 ® mq ® e ® /m,#,_l,
s(m1 Rm, R ..Q fmzp) = —(m1 RKRm, ®..Q /mﬁ) )

= 4"_1] . Then there are the following two

3. Steenrod Operator
Through this section, we discuss and study the Steenrod’s operator for the dihedral homology of

A -algebras. By using [11, 127, let us assume that JC be the field with characteristic zero, where M is
the commutative K-infinity algebras. Suppose that [Dp] is a dihedral category, then .’K[Dp] is an A
algebras related with [Dp] over X (see [17, [4], [8]). Also, Ay is describing on the .’]C[Dp]-module,
the construction of the commutative K[Dp]-algebra as determined by:
A f
EMEMY? —— SMEON @ M) — S(MEMP @ “(M)” (%)
where A is the homomorphism ofS‘C[Dp], and f is defined by:
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f((’mo Q1o ® (M ®711) Q ... Q (ms ® ’n's))
=me®@mM; Q@ ..Q my) ® (ng @ ny & ... Q& n).
Assume that f o A= #Ap provides the commutative multiplication in® Mp. We indicate that®Aq is
the K[Dp]—homomorphism known on the cﬂm—algebras%[ﬂp], the multiplication K[Dp]
— K[D,] @4 K[D,], like that k — k ® k, k € K[D,].
As(EMp Qp EMp )is (K[Dp] Rk K[Dp]) module, then through the multiplication on

(EMp % EMyp) one can describe K [Dp]—module construction and K [Dp]—module homomorphism f,

subsequently:

£ (k((m0 ® 10) ® (11, @ 1) ® ... ® (s @ 1))
=kMmy@m Q ... Q m;) @ k(nyg®n; ... Q ny)
=k((my @M Q ..Q mx) @ (e @1y ® ... Q ny))
= kf (Mo ® 19) ® (M @ 11) ® ... ® (M5 @ 1)),

Kk € KC[Dy] (9)

Therefore, the morphism®Ap is the K [Dp]—module homomorphism. Then the dihedral homology
Ext;?[Dp](sMD, (Kp)+) can be determined by applying the normalized bar construction (L) (see [57]).

By assuming that £ be the triples(sM@,?C[Dp],?C@), (?C[Z)p],f}C[Z)p],ZKD), and also let J?C[Dp] be the

kernel identity £ — %[DP].

We establish the identity of the normalized bar structure f(£) with the #-module: (L) =

EMy ®:K[Dp] T(J?C[Dp]) ®7€[Dp] Kp, where T(J?C[Z)p]) be the algebraic tensor of J?C[Dp].

Obviously the K-module f(£) can be graded. Then the elements of K'-module (L) is possible to write:

mlvy, vy, ... , U5k € B(L)5, m € M, v; € K[D,], £ € K.

The differential 6: §(£)s — L(L)s—1 and the argument f: f(L) — My ®xp, | Kp written as:
§[mlvy|v; ... lug]4]

= mvl[U2|U3| |/k
s—-1

+ ) (Dm0 opeal o V51 + (Do) e fog_ vl (10)

i=1
and flvg] ...|lvs]# =0, f(m[]£) = 0.
Also, the maps § and f can be defined for ¢ in the similar way.
As a reminder, the differential § for L seems to be the left K [Dp]—module homomorphism,
with 6S + S6 = 1 — of, where o is the homomorphism as:

0:Kp — B(§) ,and S: B({)s — B(s41s
is assumed by the forms: o(£) = [[£ Q@ [, S@[vq] ... [us]#) = v[vy] ... [vs) 4.

Obviously, in the complex B(£)s — SMD:K([% ]B({), there is the differential
p
6=1 ®7€[Dp]8'

From [117], we have the next:

Homyggp, | (B@), (M), = (BQ)). = Homygp (M), K[D,], (%p).)
Then,
gﬂDm(cﬂ) = Ext;?[Dp](SMD , (:;CD)*) = g{mﬁ(ﬁ)*) (1 1)
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Assume the triples £ = ((SMD),:}C[DP],.'KD)and (= ((Sﬁ’/\[@),j@[ﬂp],ﬁp) and ruminate the
product I":,B(L ® f) —LL QR ﬁ(f)

Describe on f(£) such that a construction of associative algebra through multiplication A=
rp (gAD , A?([Dp] , AKD) :B(L) — B(L) ® B(L) and on a complex (B(L)), the next multiplication:
D)
(B(L). ® (BL). — (BL) ® BL)), 2 Bw). (12)

The following lemma is simply confirmed by applying the standard methods of the homological A -
algebras.

3.1. Lemma

By assuming that 1 is a subgroup of a symmetrical group &, and & seems to be the K[n]-free
resolution K [n]-module K such &, = K [n] through v, the generator of K[m], since [E ® L(L)]s =
Yitj=s i Q B;(L), the module € Q B(L) is graded.

Then the graded X [m]complexes exist with the next conditions of the homomorphism A: € @ B (L)
— B(L)®" such as:
(i) AM(e®H)=0, 6 €L(L)y and e€ &, i > 0.
(i) Ao ® ) = K87 (), if & € B(L), A8 B(L)— B(L®".
(iii) The map A for S(L£) is the homomorphism of the left X [Dp]—module, as K [Dp] works on &€
& B (L) through the relation K (e @ &)e Q £b.
(iv) A(e; ® f(L)s) = 0 When i > ( —1).
Additionally, each pair of homomorphisms with similar properties has X[n]-homotopy. Now, give the
X [Dp]—homomorphism () the following definition:
Q:€® (B(L))®" — B(L),, since;
Qe @ x)(#) = B(x)A(e @ £),e € E,x € (B(L),)® and £ € B(L).
B: (B(L))®" — (B(L)®),, is a homomorphism that is trivial.
Proof: Now, the operator in H (B(£),) will be defined. In lemma (8.1), considering K = Z/P. Assume
that € has the normal K (Z/P)-free resolution. Here, the free K (Z/P) -module using the generator v,
denoted as & fori > 0. Assuming that the graded & = &' remains the free K (Z/P)-module using
the generator v %,
Letting a € H*((L), and define the homomorphism: N;: H,(B(L)s) — Hypgi(B(L)s as Ni(a) =
Qv ®ay,)i=0.
Now, The Steenrod operator P; defined with the operator R;, as follows:
1) If p = 2 then, ps(a) = Ng_s(x) € Hyi5(B(L).), since ; = 0if i <O0.
2) It p > 2 then,
ps(a) = (_1)81/(_%)%(4—25)(;7—1)(“) € }[4+25(;a—1)(ﬂ(1:)*),
Bps(a) = (—1°y(=4)N(g-25)p-1-1(@) € Hyi25(p-1)+1(B (L)),
where 9t; = 0 and £ = 0 or1 and
y(=q) = (1) (ml),m =22 if g =21-£,i<0.

3.2. Theorem
Given that KX = Z/P and M is the commutative X -infinity algebras, so the next homomorphisms
"Steenrod map" are defined for the dihedral homology group . HD(M) as:
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(1) Pi: e HD(M) > HDs4i (M), if p = 2,
(i) Pz ¢ HD (M) - sHDs+2i(;¢—1)(M)a and BP;: . HD;(M) — e}[Ds+i+2i(;)—1)(M) ifp > 2.
The following characteristics apply to the operators P; and BP; :
Pil . xp,0) = 0,if p=2,i>5,

1) :PilsﬂDs(]V[):O'ifﬁ>2' 20 > s,

EB?ilgﬂfDS(M) = 0, lfp > 2, 20 > S,
2) Pi(a) =a,,ifp=2,i=s, orp>2and?2i=s,
3) :Pj = Z?l ®?;—l and EB.‘P} = Z.SB:P#_l +‘Pl ®“P}—l
4) The next relations of Adam are satistied by the operators P; and BP;:

(a) Ify < pb and p = 2, we have:

B, PP ) (~DW (g = pi, (= Db~y +i = 1.8, Pys P,
L
Sincey =0o0r 1 forp=2,alsoy =1 for p > 2 and for any two integers i and #, there exist:
(L7)=1iL
0 if i<0,;<0,
b)If y <pb,p=2andy =00r1, then:

B, Ps = (1=1) ) (D= pi, (p =~ Db~y +1— 18Py P,

, if i>0,j>0,

i
=D D= pi = L~ Db~y + DB, Pyrs B,

i
By noted that, the operators By P and B, P represent, respectively, Ps and BP;.
Proof: By assuming that the triple € = (R, M,T), when M is the commutative Ay -algebras
for K = Z /P, such T and R are the left and the right commutative M -algebras, respectively. Because

of the explanation above and taking into consideration the triple £ = ((SMD),K[DP],JCD), we get that

S‘C[Dp] is the commutative A -algebras over K = Z /P, My and Ky, respectively, the left and right
commutative ?C[Dp]—algebras and hence H ((B(L),) = ; HD(M).

3.1. Concluding Remarks

In our paper, we introduced and studied another definition for the Steenrod operator for dihedral
homology of Aq-algebras. By employing the tensor product of the symmetry group’s free resolution
beside the standard Aq-algebras resolution influenced by the dihedral group, we established a
framework for conducting sporadic Steenrod operation computations. This approach provided
approximate results that enriched our understanding of these intricate algebraic structures.

Copyright:
© 2024 by the authors. This article is an open access article distributed under the terms and conditions
of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).
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