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Abstract: One of the semiring structures is the max-plus algebra, a set with entries R, = R U {—o0} equipped with the
operation €, which represents the maximum value, and the operation @, which means addition. Another semiring
structure is the min-plus algebra, a set with entries R, = RU {+} equipped with the operation €, representing the
minimum value, and the operation &), which means addition. Matrices over min-plus algebras can have inverses determined
by certain conditions. The general inverse type can define the inverse of matrices over min-plus algebras. In this paper, we
will develop the characteristics of general inverse matrices over min-plus algebras. The research method used is the
literature study method sourced from books and journal articles. The main result of this study is that the generalized
n n
inverse of the matrix A € Rj;7 can be obtained by determining the matrix X with entry Xj,; = min min ( Ay +a;; —
i=1=1
alj) which satisfies A @ X Q A = A.

Keywords: Generalized, Inverse, Min-plus algebra.

1. Introduction

Semiring is an algebraic structure obtained from rings with the condition that a ring is weakened by
eliminating several ring conditions. Other algebraic structures known as Semigroups and Semirings will
emerge if some properties of Groups and Rings are weakened. This shows that the algebraic structures
created are Semigroups and then Semirings if some Group or Ring conditions are removed ([17, [27).
The main difference between semiring and ring structures can be seen from the existence of an inverse
element for the addition operation ([37, [4]).

A structure (S,+,X) with S, a non-empty set, + addition operation, and X multiplication operation, is
semiring if it fulfils the commutative and associative properties of addition, multiplication associativity,
distributive, has a zero element, and a unit element ([47, [57). It is well known that a semigroup is formed
by a non-empty set S and the associative binary operation X. Thus, the structure (S,+,x) Is said to be
semiring if (S,+) is a commutative semlgroup, (S,x) is a semigroup, distributive, has element 0 and has a
unit element ([67, [7]). With semiring entries, a semiring matrix can be developed [17, [57, [8].

One structure that is a semiring is max-plus algebra. A structure (Rpax,@0,&) with Ry = RU
{—o0} is said to be a max-plus algebra with a maximum €D operation and an addition @ operation. In
another section, a semiring other than max-plus algebra is min-plus algebra. Min-plus algebra Ry, =
R U {+00} with minimum (@ ') and addition (®) operations with identity elements with respect to @’
are € = 400 and e = 0. Max-plus algebra and min-plus algebra are isomorphic because of their similar
structure. It is possible to convert the idea of max-plus algebra into min-plus algebra [57]. The semiring
element has an inverse to the addition operation so that the determinant of a matrix over the semiring
can be defined ([37, [67]). The inverse of the semiring matrix can be determined by determining the
determinant of the semiring matrix. Looking at the characteristics of the semiring, we will specifically
look at the characteristics of min-plus algebra. It is done because not all semiring properties also apply to
min-plus algebra.

As with Group and Ring structures, the commutative characteristic applies to certain Semirings [67],
[97, [10]. A particular Semiring owns the existence of an inverse element for addition on a Semiring. In
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a semiring, the entry on the semiring has the inverse of the + operation so that the determinant of the
matrix on the semiring can be defined. This study aims to develop the characteristics of the generalized
inverse matrix over a min-plus algebra.

2. Materials and Methods

Reducing several properties will form a new algebraic structure. Not all properties of the complete
structure will also be reduced to the new algebraic structure. The research uses a literature study method
sourced from books and journal articles. The steps for developing ideas in this study are shown in Figure
1.

The max-plus Matrix over the The min-plus
algebra max-plus algebra algebra

The generalized

inverse matrix Matrix over the
over a min-plus min-plus algebra
algebra

Figure 1.
Procedure for the characteristic study of min-plus algebra.

2.1. Min-Plus Algebra
The properties of'a max-plus algebra can be used to create a min-plus algebra.

Definition 1
The structure (Rp,in,®D',®) is said to be a min-plus algebra with R,,;; = R U {400}, the binary

operations @ " and @ defined asa @' b = min{a,b} anda ® b = a + b for a,b € R,;,. Theorem 1
provides the algebraic property of min-plus.

Theorem 1
For an x,y,z € Ry, with e := 0 and ¢’ = +o0 applies
1. Associative, namely VX,¥,Z€ Rpuin , B 0B 2)=x D' y) D'z and xQ(y®®z)=x
Yz
Commutative, namely VX, ¥ € Ryin, x @'y =y P 'xand x Q@ y =y Q x
Distributive of @ over @ ', namely Vx,y,x E Rpin x @ 0 B 2) = (x @ y) B '(x ® 2)
There is a zero element, namely Vx € Ry, x @'e =e @ 'x =x
There is a unit element, namely Vx € Ry, x @ e=e @ x =x
There is an absorption property by the zero element €' towards @, that is
VX ERpim, xR e' = Qx=¢
7. The idempotent property of @ ', namely Vx € Ry, x @ 'x = x

@ Gk ® e

Meanwhile, defining the determinant uses permutation characteristics. The definition of permutation is
given as follows.
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Definition 2
A permutation matrix is a matrix with exactly one entry (e) and another entry (&') in each of its i —th
row and j —th column. The permutation matrix over the min-plus algebra can be described as P; = [p;;]
with
_(ei=0a()
A {s';i # o(j)
ifo:{1,2,..,n} — {1, 2, ...,n} is a permutation. Thus, e appears in the a(j — th) row in the j —th column
of P;.

Example 1
Let 0:{1,2} - {1,2} with 6(1) = 2 and 0(2) = 1, then
_(ejikal=0(1) o
P11 = {e’jika 1#0(1)'P17™°
_(ejikal=0(2)
2= {s' jikal % a(2) P12
_(ejika2=0(1)
- {s’jika 2#0(1) P17
_(ejika2=0(2) _
- {e’jika 2+0(2) P27 ¢

!
The permutation matrix is [‘2 86,].

Example 2
1 3 -2 g e ¢
LetA=13 5 8]|,B =]|¢ g’ ] we have
4 6 -1 e

vorefy 1 HJoff 2 [ 13

The right-hand multiplication of P; creates a permutation of the matrix columns so that the i —th
column of A appears as the (i) —th column of A @ P,. The permutation matrix P, has an inverse, namely
P ;-1 where P -1 is the transpose of Py obtained P,-1 = P r so that P, @ P -1 = E.

If A is a matrix over a field, then a single matrix B must satisty the property AQB Q@ A =A. A
matrix B that satisfies this property is called the generalized inverse of matrix A. In min-plus algebra,
there is no guarantee that every matrix has a generalized inverse. If A has a generalized inverse, then A

is considered regular. We will discuss determining whether a matrix 4 is a regular min-plus algebra.
A min-plus algebra can be formed based on the characteristics of a max-plus algebra. As an initial
characteristic, the following theorem is given.

Theorem 2
Given an idempotent commutative semigroup (S, +). If on S a relation > is defined by b >a < a +

b = b, then the relation < is a partial order on S.
Proof:

Given any a, b, ¢ € S then
1. Since S1is idempotent, thena+a=a ©a=a
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2. Ifb>aanda=b,thena+b =>band b + a = a. Since S is commutative, then a = b
3. Ifb>aanda>cthena+ b =>bandc+ a = a then
b+c=(@+b)+c=Mb+a)+c=b+(a+c)=b+a=>h
So, we have b > c.

Definition 3

In Ryin , the relation =,,;, is defined as
XZminy @ x@'y=y

Theorem 3

The relation =, is a partial order.
Proof:

Given a,b,c € Ry, then
1. Since R,y is idempotent then a @' a = min{a, a} = a therefore a >,,;, a
2. Ifa=>pmbandb >, athena @ 'b=Dband b @ 'a = a. Since Ry, is commutative then a = b
3. Ifa=>pmbandb >, cthena@®' b =band b @' c = c then
a® c=aP B c)=a®D D c)=@PBD'b)D' c=bD'c=c

So, a Zpin C.

Definition 4
For Rypnin, we use the parsial ordered =y, thatis a =, b & a @' b = min(a, b) = b. The structure
(Rinin » <) is a partially ordered set (poset).

Theorem 4

Let A € My, (Rpnin) and supposed Ly: R}, — R with Ly(x) = A @ x. We have A = P; @ D(4;) for
a permutation and A; > ¢ if and only if L4 injective.

Proof:

(=) Ly(x) =Ly(x")suchass AQx = AQ x' sox =x".

(&) Itis known that Ly is injective. For each i can be defined F; = {j|aj; > &} and G; = {j|aj, > &,k #
i}. We called F; € G;; the contradiction assumes that F; € G;. We will show a contradiction with injective
Ly.

Let x = [x;] with xp, :{ill‘; j ;

Suppose b = A @ x = Qp; Qs With a,, defined the k —th column of A.

Suppose j € F;, then j € G;. Its mean that k # i for a;, > €.

In R, we can complete the order relation <, namely a < b ifand only ifa @ 'b = a.

So (Rynin » <) is a poset (partially ordered set).

Definition 5
A mapping f on a partially ordered set is said to be isotone if for x < y the resultis f(x) < f(¥).

Example 3
Given f: Ryin — Rypin with f(x) = x ® '7 is an isotone mapping, namely for every x <y results in
x—7<y-—"T7resultsin f(x) < f(y).

Definition 6
Given (E,<) isaposetand A € E.

Edelweiss Applied Science and Technology
ISSN: 2576-8484.

Vol. 8, No. 6: 9544-9554, 2024

DOL: 10.55214/25768484.v816.4034

© 2024 by the authors; licensee Learning Gate



9548

i) Fora € Athereis x € A resulting in a < x so a is called minimum
ii) For a € Aitis called the minimal element of A if there is x € A with a < x then a = x.

Definition 7

An isotone mapping f: D — E with D, E poset is said to be a residual mapping if for all b € E then
{x|b < f(x)} has a minimum element denoted f*(b). The isotone mapping f#: E — D is called residual
of f.

Theorem 5

If f:D — E is a residualized mapping, then the equation f(x) = b has a solution if and only if
FF* ) = b.

Proof:

(=) Given f(x) = b has a solution, say x;. We get f(x; ) = b. Since f#(b) is a minimal element in
{x|f(x) < b}, then x; < f#(b). Since f is isotone then f(x; ) < f(f#(b)), according to (*) f(f*(b)) <
b, consequently b = f(x; ) < ff* (b) < b, namely f(f*(b)) = b.

(€) Given f(f"# (b)) = b, then the equation f(x) = b has a solution, namely x = f# (b).

The function f is residualized, because y € Ry, with {x|y < x @' 7 = f(x)} is a minimal element,
namely x = f¥(y) =y + 7.

Definition 8
For every b € E then {x|b < f(x)} has a minimal element denoted f#(b). For y € Rpn
{x|y <x ®' 7 = f(x)} the minimal element is x = f#(y) =y + 7.

Definition 9

A subsolution of A @ x = b is x that satisties A @ x = b, a linear system for obtaining the general
result of the equation A @ x = b. An ordered pair of vectors is defined by x > y if x @'y = y.
Since A € RYTE;? and X € R?nfr’f then

ai1 Q12 0 Qin X1
Az1 Gz -+ Qpn X3
A ® X = : : L H ® .
An1 QAp2 - Qpn Xn

[a11 + %, @ a; +x, D D aj, +x,
Az, +x, D az +x, D' B ayy +xp

(a1 +2,.D any +x, B DB apy + x,
_@ ’alj +x]

D@ +xi| 12 . n

D 'a,; + x;
with @ ‘aq; + x; = min{a,; + x1, ajz + x3,+, a1 + x5}
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aqj + x4
ai+x
Fom fi() = |
Anj + Xn
fl(xl) @' fz(xz) SPRREC R fn(xn)-
For each j, if xjp, < xj = f]-(xjh) < fj(xjx). According Definition 5 and Theorem 5, so {x|4A & x =
b} has a minimum element denoted A% (b).
Therefore, to determine the solution of the equation Ax = b, check wether A (A# (b)) = b. The following

1s a theorem that states this characteristic.

n
50 that AQx= @ fi(x). So, AQx =
Jj=1

Theorem 6

IfA € Ri" and b € R}};,,, then the equation A ® x = b has a solution if and only if A (A# (b)) =b.
In other words, the solution is x = A% (b).
Proof:
=)

[t is known that the equation A @ x = b has a solution x*, namely A @ x* = b, so that A @ x* =
b.
Since A*b is the minimal element in {x|4 @ x > b}, then x* > A*b. It is obtained
A® x* < A(A*D)
& b=AQx" = A(A"D) ........(¥)

Furthermore, according to Theorem 5

A(A*D) = b e (%)
From (*) and (**) it is obtained A (A#(b)) = b.
(=)
It is known that A(A#b) = b. So the equation A @ x = b has a solution, namely x = A*b.
Therefore, A ® x = b has a solution x = A*(b). It means that A (A# (b)) =b.

For example, if A @ x = b has solution xj, then there is a smallest subsolution A @ x = b.

A®x2b @?Aij®Xj2bi,Vl‘then

Ail ® X1 eal Ai2 ® Xy 69, @’ Ain ® Xn > bi

i=2 :A21 ®x1@'A22®x2@' ...®,A2n®xn2b2

i=n =24, Qx D' 4, x, @ .. P 4, Qx,, = b,
for i, min{Al‘l +x1,Ai2 + xZ, ...,Ain + xn} = bi.
For i, j, we have A;; + x; = b;, which results in x; = b; — A;;.
Obtain x; = max{bi — Ai}'} for each i. Next, —x; < min{—bi + Al-j} for each i.
In other words —x; < min{—bi ® Aij} for each i.

So that —x; = min{—bi ® Aij}subsolution of A® x = b or expressed —x; = min{(Ai]-)t ® (—bj)}.

Example 4
Given a system of linear equations over min-plus algebra
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& slell=[]

We get
—xj = min{—bi ® Aij}
=16 78,
=[-4®'-3 -3@'-2]
=[-4 -3] ,
So,x; = [4 3].Or, —x; = min {(Aij)t ® (—b]-)} = [é g] ® [:?] = :;L g': 2] = [_34]

It can be proven that

2 dell=[F dell=[e 6 =G>

3. Results and Discussion
Based on the explanation above, the following properties are obtained.

Definition 7

A matrix A € M, (R) is said to be invertible over the min-plus algebra if there is a matrix B such that A &
. . . . . . -1

B = E with E the identity matrix over the min-plus algebra and is denoted B = A® .

To determine the inverse matrix over min-plus algebra, permutation is required.

Definition 8
If A1, 43, ..., 44 € Ry, A; # € then the diagonal matrix is defined as follows.

Al g cen g
e A i€
DAy =|.. %2 .
£ £ An

Theorem 7
Given A € My, (Rpin)- If and only if there is a permutation ¢ and values A; > ¢,i € {1,2, ..., n} such that
A =P; Q D(1;), then A € M,,(Rpyipn) has a left inverse.

Proof:

(=) Given A € M, (Rpnin), there exist B so that it satisfies the equation A @ B = E, meaning

(1) ming(ay + by) = e = 0 for every k there is i so that ay, + by; = e, we have the function i = 6(k)
with Qig(i) > € and bB(i)i > E.

(2) ming(ay + by;) =€ =ocoforalli #j

Based on (2), it is obtained

(8) ajpjy = € foralli # j.

Since a;g ;) > g = Aig(jy for all i # j then 6 is an injection and permutation function. Meanwhile,
@g(;y 1s a single entry in the 6(i) —th column of A, which is not &'. For example, A=Py®A. The
6 (i) —th row of A is the i —th row of A, which has a larger entry then & in the 8(i) —th column.

Thus, all larger A diagonal entries become €'. A has only one non—¢’ entry in each column, which is
also true for A.
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So we get Pg @ A = A = D(4;) with 4; = ag-1(;y; > €.

Suppose, 0 = 071, because P; ® Pg = Pyg-1 @ Py = E, then A = P, ® D(4;).
So, it is proven that A = P; @ D(4;).

(<) Assume A = P, @ D(A;) with A € Ry, and 4; > &.

If the statement is true then for example B = P ;-1 @ D(—41;), with —4; = /1? 1. So we have
A®B = (P, ® D(1)) ® (Py-+ ® D(-41))
=P ®(D(A) @ D(—1)) ® P,
=P, QEQ® Py
=P, @ P,
=F
And, A ® B = E and B is the right inverse of A.

From the theorem above, we get the necessary and sufficient conditions for matrix A to be invertible
over min-plus algebra, namely matrix A is invertible if and only if matrix A is a permuted diagonal matrix

with A = P; @ D(4;).

The purpose of finding the generalized inverse is to determine the solution of the linear equation
system AXB = C. A matrix A € RI%{" has a generalized inverse matrix X € R\ ifA @ X ® A = A. So,
it can be said that the generalized inverse is the smallest subsolution of the equation A @ X ® A = A.
Several steps are required to determine matrix X as the generalized inverse of equation A @ X ® A = A.

Definition 9
For a matrix A € RJ;Y, then the matrix B € Ryi% is said to be the generalized inverse of the matrix A if
AQ® B QA = A is satisfied.

To determine whether or not there is a matrix B that satisfies A @ B @ A = A, is equivalent to
determining whether or not there is a solution to the equation A ® X ® A = A with A € R}
1. Bring the equation A @ X ® A = A to the form Ax = b.

2. Determine the matrix X
3. Prove that the matrix X is a generalized inverse by substituting it into the equation

ARQXRA=A.

Given A € R} with operations @ "and @. The ij —th elementin A @ X @ Awith1 <i,j<nind ®
X®Ais
[AQ X ® Al;; = A

@[A®X]il®Azj=Aij 1<l<n
= A @ Xiy ® Ajj = Ayj 1<kl<n
n
S A ® @' xu®A;=4; 1<k<n
=
= D A4 O xy @ A=Ay
k=1 =1
noon
e O O A Qx4 = A
k=1l=1
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n n
e @ | P (A®Xu QA =4

k=1lU=1
n n

So we get @' D' fij (Xx) = Ayj.
i=1=1
The generalized inverse can be found by solving the equation A @ x = b in min-plus algebra. For the
generalized inverse, denoted A® L theformAQRX R A=Ais brought to the form A @ x = b. For the
ij —th element, it is obtained as follows:
S [ARQ X ® Al = A
S Ay ® Xy Q Ayj = Ay
S A QX QA4 ® A%_l =4; ® A%-)_l
S Ak Xy QE =Ajj — Ay
If suppose b = A;; — A; then we write
S A Xy =Db
SEQRXy=—A4x®b
S Xy = Ay @ b

aj1 Qi o Qg bi1 bz 0 byy
z1 Ay - Qg by1 byy -+ by
SXu=—7 7 . T|®]: 2
a1 Aapp o Qi bnl an bnn
411 —Qpz vt TAgg by bz -+ bin
—Qzy —Qzz v Tazg ba1 by byp
SXa=| : . N X e
—Qip TQip o T4k bni bpz v bpn
X11 X120 X1
X21 X2z "t X
For Xkl = : : . :
Xk1 X2 0 X
The result,
x11 = min{—a11 + b11 B _a12 + b21, ey _alk + bnl }
x12 = mln{—a11 + b12 B _a12 + b22, ey _alk + bTLZ }
X1 = min{—all + bln ,—aAq2 + b2n, vy —A1g + bnn }
Xp1 = mln{—a21 + bll , —Ayo + b21, vy — Aok + bnl }

Xpp = min{_a21 + b12 , —0Qgo + b22, ey _azk + an }
Xo1 = min{—a21 + bln ,y — Ao + b2n, vy — Aok + bnn }

xk1 = min{_ail + b11 ) _aiz + b21, ey _aik + bnl }
xkz = mln{_ail + b12 ) _aiz + b22, ey _aik + bn2 }

Xkl = min{—ail + bln , —QAjy + bZn' vy — Qg + bnn }

So, it can be written as
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min{—ay; + by} min{—ay, + by} - min{—ay; + by, }
Yo = min{—a,, + by } min{—ay, + b} - min{—a,, + by, }
kl — : : :
min{—a;; + bp1 } min{—a;, + by} -+ min{—a;; + bpy }
n n
Suppose b = A;; — Ay;, we have Xj; = min min (_aik +a;j — alj)
i=1j=1
m m
From the form xj; , we obtain a form that can be expressed €D D (A + X + A1) | = 4y
k=1l=1
by determining whether or not there is a solution to the equation A @ X @ A = A with A € ]anf,rln
m n
The ij —th elementin AQX Q@A is [AQX®Al;j= © @ (A + X +Ajj). So, we get the
k=1l=1
equation
m n
@, @’ (Aik + Xkl + Al]) = AU ............... (3)
k=1lU=1

If for each k, [ is formed

fl](Xkl) = Aik + Xkl + Al] (4)
then equation (3) becomes

n o m
@b @b fl](Xkl) = Al] ......... (5)
i=1li=1
n n

It is obtained that X;; = min min (_aik +a;; — alj) corresponds if substituted into the equation
i=1=1
ARXRK®A=A

4. Conclusions

In this conclusion, the property is obtained that permutation is required determining the inverse
matrix over min-plus algebra. We obtain several theorems that show the characteristics of the inverse of
matrices in min-plus algebra, especially generalized matrices. The characterization is obtained by
considering the characteristics of the solutions linear equations system over min-plus algebra. The

generalized inverse of the matrix A € RJi" can be obtained by determining the matrix X with entry
n n
Xy = min min (—ay + a;; — a;;) which satisfies A @ X ® 4 = A.
i=1=1
Copyright:

© 2024 by the authors. This article is an open access article distributed under the terms and conditions of
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